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Abstract

In this paper we develop the foundation of a new theory for decision
trees based on new modeling of phenomena with soft numbers. Soft num-
bers represent the theory of soft logic that addresses the need to combine
real processes and cognitive ones in the same framework. At the same
time soft logic develops a new concept of modeling and dealing with un-
certainty: the uncertainty of time and space. It is a language that can
talk in two reference frames, and also suggest a way to combine them. In
the classical probability, in continuous random variables there is no distin-
guishing between the probability involving strict inequality and non-strict
inequality. Moreover, a probability involves equality collapse to zero, with-
out distinguishing among the values that we would like that the random
variable will have for comparison. This work presents Soft Probability, by
incorporating of Soft Numbers into probability theory. Soft Numbers are
set of new numbers that are linear combinations of multiples of ”ones”
and multiples of ”zeros”. In this work, we develop a probability involving
equality as a ”soft zero” multiple of a probability density function (PDF).
Based on Soft Probability, we introduced an approach to implement C4.5
algorithm as an example for a Soft Decision Tree.

Keywords— Bridge Number, Continuous Random Variable, Decision Trees, In-
formation Theory, PDF, Probability, Soft Logic, Soft Number, Soft Probability, Zero
Axis.

1 Introduction

In this paper we develop the foundation of a new theory for decision trees based on
new modeling of phenomena with soft numbers. This calls for major concept change
of probability, which is developed in this paper, so that decision trees can be modeled.
Soft numbers represent the theory of soft logic that addresses the need to combine
real processes and cognitive ones in the same framework. At the same time soft logic
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develops a new concept of modeling and dealing with uncertainty: the uncertainty of
time and space. It is a language that can talk in two reference frames, and also suggest
a way to combine them.

1.1 Research Motivation and Direction

Probability theory is used in order to model processes and phenomenons, involving
randomness of the parameters and variables. A probability of a continuous random
variable is defined by a Probability Density Function (PDF). The PDF can be used
is to approximate the probability of the continuous random variable X to be adjacent
to x in the following sense

Pr(x < X ≤ x+∆x) ≈ fX(x)∆x, (1)

where ∆x > 0 is a small value, that defines how much this probability is accurate.
However, continuous random variables have the following properties:

• No distinguishing between strict inequality and non-strict in equality e.g.,
Pr(X ≤ x) = Pr(X < x);

• Equality collapses to zero i.e., Pr(X = x) = 0. Although any value of x ∈ SX

(SX denotes the support of X) is possible for X, the the probability of X to be
equal to any value of x ∈ SX is (almost surely) zero.

Because of these properties, we lose some information regarding to a continuous ran-
dom variable to have an exact value. On one hand, an event ”X = x” might be
possible (if x ∈ SX) but improbable (i.e., with zero probability), which seems to be
a paradox. On the other hand, we can express the zero probability by of an event
”X = x” by letting ∆x to approach to zero in Eq. (1)

Pr(X = x) = fX(x) · 0. (2)

This equation presents the probability Pr(X = x) as a multiple of zero with a factor
of the PDF fX(x) for all x. Instead of taking Pr(X = x) to be completely zero,
we can assign to it a zero multiple of fX(x) and compare different probability values
for different observation values x. This approach can be implemented by using Soft
Numbers (see Appendix B and Klein and Maimon’s papers e.g., [5], [6] and [7]).

In addition there is an approach to represent a discrete distribution as a contin-
uous distribution by a linear combination of Dirac delta functions δ(x − xi), or by
any approximations of Dirac delta functions e.g., Gaussian functions (also known as
Gaussian Mixture Model or GMM) or rectangular functions (based on a ”Uniformly”
Mixture Model or UMM) etc (see Eq. (14) for more details). Our approach it to estab-
lish the opposite in some sense, i.e., to represent a continuous random variable with a
possibility to have a discrete values with probability that will not collapse absolutely
to zero.

In this work, we introduce the Soft Numbers to give a probability interpretation
of a continuous random variable to have an exact value, that provides distinguishing
between strict inequality and non-strict in equality in the probability function. This
probability interpretation is implemented by ”Soft Probability” [3].

1.2 Organization of the Work

Section 2 incorporates Soft Numbers into probability theory to present the notion of
”Soft Probability”. Section 3 presents an example for application on Decision Trees
based C4.5 algorithm. Conclusions and suggestion for future research are shown in
sections 4 and 5 respectively to summarize this work. For completion, Appendix A
provides an extension of Soft Probability for Complements, Union, Intersection and
Conditional Probability. Appendix B provides a presentation of Soft Numbers.
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2 Soft Probability: Incorporation of Soft Num-
ber into Probability Theory

In order to incorporate the notion of Eq. (B.5) in Appendix B, we define a cumulative
distribution function (CDF) of a continuous random variable

Ps(X ≤ x) = FX(1 · 0̄+̇x), (3)

where Ps(·) is a suggested type of a probability function, dented as a ”Soft Probability”
[3] instead of a regular probability notation ”Pr(·)” or P (·), and FX(·) is the regular
CDF function of the random variable X but it is applied on a soft number 1 · 0̄+̇x.
Our motivation is to generate an alternative evaluation of the probability at the left
hand side (LHS), so that we can distinguish between Ps(X < x) and Ps(X ≤ x) for
a continuous random variable X [i.e., Ps(X < x) ̸= Ps(X ≤ x)]. We will show that
the evaluation of the soft number at the CDF in the right hand side (RHS) will create
this distinction.

The RHS of Eq. (3) can be decomposed by Eq. (B.5) as follows

FX(1 · 0̄+̇x)
def
= fX(x)0̄+̇FX(x), (4)

The LHS of Eq. (3) can be decomposed by separating the event ”X ≤ x” into a disjoint
union ”X = x ⊎X < x”. In a regular probability, we have the known identities

Pr(X ≤ x)
”X=x”∩”X<x”=∅

= Pr(X = x)︸ ︷︷ ︸
=0

+Pr(X < x)

= Pr(X < x),

So we do not have a distinction between Pr(X ≤ x) and Pr(X < x). We distinguish
between Ps(X ≤ x) and Ps(X < x) by the following definition for Ps(X ≤ x)

Ps(X ≤ x)
def
= Ps(X = x) + Ps(X < x), (5)

so that we define the terms on the LHS as follows

Ps(X = x)
def
= fX(x)0̄, (6)

Ps(X < x)
def
= FX(x) ≡ Pr(X < x). (7)

By this setup we achieve a distinguishing between Ps(X ≤ x) and Ps(X < x), an also
we provide an interpretation to Ps(X = x) be infinitesimally small but not collapse
completely to zero due to the factor 0̄ of the PDF.

In the next subsection, we provide two examples of implementation on mixture
models PDFs, GMM and UMM, in order to demonstrate the effect of soft numbers
(and more precisely, soft zeros) on PDFs.

2.1 Examples on Mixture Models

In order to demonstrate the effect of soft numbers (and more precisely, soft zeros) on
PDFs, we provide two examples of implementation on mixture models:

• Gaussian Mixture Model (GMM); and

• Uniformly Mixture Model (UMM).
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A PDF of a continuous random variable X with mixture model is given by

fX
(
x; {(θi, wi)}ni=1

)
=

n∑
i=1

wifi(x; θi), (8)

where fi(·; θi) is a PDF with a set of parameter θi, and wi ∈ [0, 1] is a weight that
multiplies the i’th PDF fi and sum to 1 i.e.,

∑n
i=1 wi = 1. In the GMM case the i’th

PDF fi is parameterized with mean µi and variance σ2
i such that

fi(x;µi, σ
2
i ) =

1√
2πσ2

i

e
− 1

2σ2
i

(x−µi)
2

. (9)

In the UMM case the i’th PDF fi is parameterized with the open interval (ai, bi) such
that

fi(x; ai, bi) =
1

bi − ai
1x∈(ai,bi), (10)

where 1A is the indication function, indicates ’1’ if ’A’ is true and ’0’ if ’A’ is false.
The corresponding Soft probability is obtained by

Ps
(
X = x; {(θi, wi)}ni=1

)
=

n∑
i=1

wifi(x; θi) · 0̄. (11)

For illustration we chose following parameters for the mixture model with 2 compo-
nents each and plot them in Figure 1:

• GMM: (µ1, σ1, w1) = (0, 0.2, 0.33), (µ2, σ2, w2) = (4, 1, 0.67);

• UMM: ((a1, b1), w1) = ((−0.3, 0.3), 0.33), ((a2, b2), w2) = ((2, 6), 0.67).

−4 −2 0 2 4 6 8
0

0.2

0.4

0.6

x

f X
(x
)

GMM
UMM

Figure 1: Examples of Gaussian Mixture Model and Uniformly Mixture Model’s
PDFs

In the GMM case, we have two local maximums at x = µ1 (a global maximum)
and x = µ2. Hence, if we take three points x1 ≈ µ1, x2 ≈ µ2 and x3 such that
|x1|, |x2| ≪ |x3|, we have the following order of Soft Probabilities:

Ps(X = x1) > Ps(X = x2) > Ps(X = x3) > 0 · 0̄.
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We have a strict inequality in the RHS, because the support of the GMM is infinite.
The Soft Probability of the GMM presents an absolute low probability of X to have
an exact value x but relative high probability when X is closer to µ1 (where the GMM
is maximal in this case). In other words, in contrast to classic probability that would
collapse absolutely to have exact value X = x, with Soft probability we are able to
distinguish (and order) among events X = x that will have a positive soft probability
(due to infinite support in GMM).

In the UMM case, if we take three point x1 ∈ (a1, b1) [global maximum], x2 ∈
(a2, b2) and x3 /∈ (a1, b1) ∪ (a2, b2), we have the following order of Soft Probabilities:

Ps(X = x1) > Ps(X = x2) > Ps(X = x3) = 0 · 0̄.

We have equality to absolute zero in the RHS because x3 is outside of the support
(a1, b1) ∪ (ab, b2), while for i = 1, 2 we assign some probability value by the soft zero
Ps(X = xi) =

wi
bi−ai

· 0̄ > 0 · 0̄. Hence, with soft probability, we succeed to distinguish

between ”zero probabilities” of ”impossible” events (X = x with x is out side of the
support) and ”possible” events (X = x with x is in the support), that would collapse to
zero in the classical probability sense, so that the ”impossible” events will be absolute
zero and the ”possible” events will be some soft zero and ordered accordingly.

2.2 Observations

In soft numbers development, we may consider to distinct between two options to
define an absolute value of a soft number: Option 1 is by the definition in Eq. (B.5)
with |x|′ = sign(x), ignoring the fact that this derivative is not continuous, so that

|a0̄+̇x| = α0̄ · sign(x)+̇|x|. (12)

Option 2 is to define a soft conjugate of α0̄+̇x to be (−α)0̄+̇x such that

|α0̄+̇x| =
√

(α0̄+̇x)((−α)0̄+̇x)

=
√

−(α0̄)2 + x2

=
√

−0 + x2

=
√
x2

= |x|.

(13)

If we use Option 2, then we can have the following properties for a soft probability on
a continuous random variable:

1. Ps(X ≤ x) ̸= Ps(X < x)
but |Ps(X ≤ x)| = |Ps(X < x)| > |Ps(X = x)| = 0;

2. fX(x) > fX(y) ⇒ Ps(X = x) > Ps(X = y)
but |Ps(X = x)| = |Ps(X = y)| = 0;

3. fX(x) > fY (y) ⇒ Ps(X = x) > Ps(Y = y)
but |Ps(X = x)| = |Ps(Y = y)| = 0;

4. |Ps(X ≤ x)| = Ps(X < x) = Pr(X < x) = Pr(X ≤ x).
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By taking absolute values of the soft probability term, we return to the classic prob-
ability results for continuous random variable e.g., not distinguishing between strict
inequality and non-strict inequality, and equality collapse to zero.

In the literature (e.g., [8], [4] and [13]), there is an approach to represent a discrete
distribution as a continuous distribution by a linear combination of Dirac delta func-
tions δ(x− xi), or by any approximations of Dirac delta functions based on a mixture
model e.g., GMM or UMM. Suppose X is a discrete random variable with the proba-
bility Pr(X = xi) = pi. Then X can be represented with a continuous distribution as
follows

fX(x) =
∑
i

piδ(x− xi)

≈
∑
i

pi ·
1√
2πσ2

e
− 1

2σ2 (x−xi)
2

, σ2 ≪ 1

≈
∑
i

pi ·
1

2a
1x−xi∈(−a,a), a ≪ 1.

(14)

recall for Dirac delta function properties,

δ(x) =

{
0 x ̸= 0

∞ x = 0∫ ∞

−∞
δ(x)dx = 1,

(15)

and also 1√
2πσ2

e
− 1

2σ2 x2 σ2→0−−−−→ δ(x), 1
2a
1x∈(−a,a)

a→0−−−→ δ(x), i.e., Gaussian distribution

and uniformly distribution converge to Dirac delta function (degenerative distribution)
when the variance of the Gaussian distribution and the length of the interval in the
uniformly distribution approach to zero respectively (cf. Figure 1). Our approach it
to establish the opposite in some sense, i.e., to represent a continuous random variable
with a possibility to have a discrete values with probability that will not collapse
absolutely to zero. See Appendix A for the extension of the soft probability’s notion
to complement, union intersection and conditional probability

In this work, we introduce the Soft Numbers (see Klein and Maimon’s papers e.g.,
[5], [6] and [7]) to give a probability interpretation of a continuous random variable
to have an exact value, that provides distinguishing between strict inequality and
non-strict in equality in the probability function.

In the next section, we use the notion of ”Soft Probability” into Decision Trees.

3 Soft Decision Trees

3.1 Overview

Decision trees are simple yet successful techniques for predicting and explaining the
relationship between some measurements about an item and its target value (see e.g.,
[12]-[11]). In most decision trees inducers, discrete splitting functions (also known
as Splitting Criteria) are univariate, i.e. an internal node is split according to the
value of a single attribute. There are various top-down decision trees inducers such
as: ID3 (Quinlan (1986) Ref. [10]), the basic algorithm; C4.5 (Quinlan (1993) Ref.
[9]), extension of ID3 which can handle continuous variables; CART (Breiman et al.
(1984) Ref. [1]), Classification And Regression Tree; etc.

In the next subsection we introduce an implementation of Decision Trees with Soft
Numbers, based on C4.5 Algorithm, in order to generate a Soft Decision Trees.
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3.2 Soft Decision Trees, Based C4.5 Algorithm

In this subsection we introduce an implementation of Decision Trees with Soft Num-
bers, based on C4.5 Algorithm, in order to generate a Soft Decision Trees, based on a
discrete label S and continuous features X0, X1, ..., Xn.

3.2.1 Preferring a Thesis in Equilibrium State

On each stage in the C4.5 algorithm we search the splitting which will minimize the
classes entropy:

min{H(S|X0),H(S|X1),H(S|X2)....H(S|Xn)} (16)

We will split our data according to the feature which has the most information gain
(IG), in some cases when calculating the information gain we may find that several
features have the same information gain, and in the case that the IG is the maximum
of all feature’s IG we will not be able to tell by which feature we should split our data.

For describing the problem we are trying to solve, we will define the following
example:
Let {X0, X1...Xn} be continuous features with known distributions fXi(x), and S be
a binary class such that S ∈ {s1, s2}. For finding the best splitting features we will
calculate the IG for each feature and for the optimum threshold of that feature.

min{IG(X0 = x0th), IG(X1 = x1th)...IG(Xn = xnth}. (17)

In some cases we can have an equality between two or more IG of different features,
and in that case there is no preferred thesis, so we can pick one of the suggested features
randomly, for example:

IG(X1 = x1th) = IG(X4 = x4th) = IG(X8 = x8th).

Figure 2: Classic Decision Tree splitting

Using the soft probability we suggest a method to derive the information gain of
those features and also the ability to choose the preferred one. Recall the definition
of information gain:

7



IG(Xi) =Pr(Xi ≥ xi)H(S|Xi ≥ xi) + Pr(Xi < xi)H(S|Xi < xi)

=Pr(Xi > xi)H(S|Xi > xi) + Pr(X < xi)H(S|Xi < xi)

+Pr(Xi = xi)H(S|Xi = xi).

(18)

The part Pr(Xi = xi)H(S|Xi = xi) is the IG on the threshold point. It is infinitesimal
and treated as 0, so it has no impact on the total IG of each feature. P (Xi = x) = 0
in the classical probability sense, so in features equality we get the following in the
case of IG(Xi) = IG(Xj):

Pr(Xi > xi)H(S|Xi ≥ xi) + Pr(Xi < xi)H(S|Xi < x)

=Pr(Xj > xj)H(S|Xj > xj) + H(Xj < xj)H(S|Xj < xj).
(19)

On the other hand using soft probability the part Ps(Xi = x) does have defined value
by Eq. (6), Ps(Xi = x) = fXi(x) · 0̄, so we can express soft information gain as follows:

IGs(Xi) =Ps(Xi = xi) ·H(S|Xi = xi)

+ Ps(Xi > xi)H(S|Xi > xi) + Ps(X < xi)H(S|Xi < xi)

=fXi(xi)Hs(S|Xi = xi) · 0̄
+̇Pr(Xi > xi)H(S|Xi > xi) + Pr(X < xi)H(S|Xi < xi).

(20)

When comparing the soft IGs we realize that we can distinguish among them by
comparing the middle branch - threshold branch:

fXi(xi)H(S|Xi = xi) · 0̄
>

?
<
fXj (xj)H(S|Xj = xj) · 0̄ (21)

Figure 3: Soft Decision Tree splitting

To further realize the subject we will present a solution to the following problem
in the next example.

8



3.2.2 Example: Uniformly Distribution Features and Discrete Label

Let X ∼ U(0, 2) and Y ∼ U(0, 4) be features of a data set and S ∈ {0, 1} be an event
which we are trying to predict its value according to the features (X,Y ). Finding the
soft information gain of splitting according to each feature have the following result:

IG(X) =IG(Y )

=Pr(X ≤ xth)H(S|X ≤ xth) + Pr(X > xth)H(S|X > xth)

=Pr(Y ≤ yth)H(S|Y ≤ yth) + Pr(Y > yth)H(S|Y > yth).

(22)

With the classic approach we should choose one of the features X or Y randomly as
they both got the same information gain. Using the soft decision approach we can
try to identify which hypothesis is superior even if it is by a small margin, but it may
translate to better overall decision making tool. First we will express the full equation
explicitly separating the the threshold branch as follows:

Pr(X = xth)H(S|X = xth) + [Pr(X < xth)H(S|X < xth) + Pr(X > xth)H(S|X > xth)]

= Pr(Y = yth)H(S|Y = yth) + [Ps(Y < yth)H(S|Y < yth) + Pr(Y > yth)H(S|Y > yth)].

(23)

We can say as we’ve shown before that the last two parts of the equation [in square
brackets] are equal and all it is left is to compare the threshold branch:

Pr(X = xth)H(S|X = xth)
>

=?
<

Pr(Y = yth)H(S|Y = yth). (24)

In the classical probability we have equality, because Pr(X = xth) = Pr(Y = yth) = 0.
In order to compare the threshold branch, we convert Eq. (24) into soft probability
(replacing Pr by Ps),

Ps(X = xth)H(S|X = xth)
>

?
<
Ps(Y = yth)H(S|Y = yth), (25)

and using the soft probability definition for Uniform distribution we can express
Eq. (25) as follows:

1

2
H(S|X = xth) · 0̄

>

?
<

1

4
H(S|Y = yth) · 0̄. (26)

Now all we need is to calculate the entropy in the threshold (which is not in-
finitesimal) we can conclude which has the better information gain. In the case where
H(S|X = xth) = H(S|Y = yth) we can say that X is the feature we should split our
data according to as 1

2
· 0̄ > 1

4
· 0̄, i.e., IGs(X) > IGs(Y ).

To further understand the applicability our suggested solutions we will analyze the
next example of numeric of an electric product warranty.

3.2.3 Example: Electric Product Warranty

We would like to predict if an electric product will fail before the end of its 1 year
warranty or not. Suppose that we have the following data to analyze:

• Two features which are the ”Average Power Consumption” A and the ”Peak
Power Consumption” B. Due to production process, both has uniform distri-
butions:
A ∼ U(0.790, 0.800)[watt] and B ∼ U(0.900, 1.000)[watt];
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• Denote the random variable F as the failure of an electric product (’F = 1’ or
simplify F → failure, ’F = 0’ or simplify F̄ → no failure), and assume that we
have enough samples to calculate the conditional distributions Pr(F |A = a) and
Pr(F |B = b).

Form the measurement we have a Heaviside probability function as follows for the
Average Power Consumption:

Pr(F |A = a) =

{
0 if a > 0.975

1 if a ≤ 0.975
(27)

Same goes for the Peak Power Consumption but the threshold is in different value as
follows:

Pr(F |B = b) =

{
0 if b > 0.950

1 if b ≤ 0.950
(28)

So clearly when we want to split our data by each parameter we know which value
will be our splitting threshold, for the Average Power Consumption we will choose
A = 0.795, and for the Peak Power Consumption we will choose B = 0.950. In this
example for simplicity we will assume that the initial entropy of F is H0(F ) = 0.7
Now we need to calculate which feature gives us the most information gain as the
C4.5 algorithm defines. but if we look closely at the threshold numbers we can see
that they are exactly in the middle of the possible values range of each feature, when
we know they are uniformly distributed we get the following equation:

Pr(A > 0.795) = Pr(A ≤ 0.795) = Pr(B > 0.950) = Pr(B ≤ 0.950) = 0.5. (29)

From that the conditional probability is a Heaviside function we have the following IG
of for each feature:
for the Average Power Consumption

IG(W )

= H0(F )− [Pr(A ≤ 0.795)H(F |A ≤ 0.795) + Pr(A > 0.795)H(F |A < 0.795)]

= 0.7,

(30)

and for the Peak Power Consumption

IG(B)

= H0(F )− [Pr(B ≤ 0.950)H(F |B ≤ 0.950) + Pr(B > 0.950)H(F |B < 0.950)]

= 0.7.

(31)

As we can see we get equilibrium between the two IG, in classic approaches we
can randomly choose the splitting by any feature. On the other hand using the ”Soft
Decision Tree” approach we suggested in this work we can get more information to
get better defined decision. To calculate the soft IG we first need to calculate the soft
probability in the equal ”=” branch (the soft branch of the tree) as follows:

Ps(A = 0.795) =
1

(0.800)− (0.790)
· 0̄ = 100 · 0̄

Ps(B = 0.950) =
1

(1.000)− (0.900)
· 0̄ = 10 · 0̄

(32)

For simplicity we will assume that H(F |A = 0.795) = H(F |B = 0.950) = 0.5, as we
have a theoretical data set. Now we can calculate the soft information gain of both
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features.
for the Average Power Consumption

IGs(A) = H0(F )− Ps(A = 0.795)H(F |A = 0.795)

− [Ps(A < 0.795)H(F |A < 0.795) + Ps(A > 0.795)H(F |A < 0.795)]

=− 50 · 0̄+̇0.7,

(33)

and for the Peak Power Consumption

IGs(B) = H0(F )− Ps(B = 0.950)H(F |B = 0.950)

− [Ps(B < 0.950)H(F |B < 0.950) + Ps(B > 0.950)H(F |B < 0.950)]

=− 5 · 0̄+̇0.7.

(34)

Now when we compare the results we can clearly see that IGs(B) > IGs(A) so we will
decide to split the data according to the feature, Average Power Consumption A.

4 Conclusions

In the classical probability, in continuous random variables there is no distinguishing
between the probability involving strict inequality and non-strict inequality. Moreover,
a probability involve equality collapse to zero, without distinguishing among the values
that we would like that the random variable will have for comparison. Soft numbers
assist us to distinguish between the probability involving strict inequality and non-
strict inequality, and among the values that we would like that the random variable,
by generating soft zeros multiples of the PDF observations.

We introduced an approach to implement C4.5 algorithm as an example for a Soft
Decision Tree, but with discrete labels and continuous features. We demonstrated
with some numerical examples how the C4.5 algorithm would decide to split the data
based on a ”soft branch” created by a soft probability of event, that would collapse
absolutely to zero, and without that branch, we might decide to split the data just
arbitrarily.

5 Suggestions for Future Research

We suggest to extend the notion of soft probability covered in this work by gener-
alizing to the followings: continuous random vectors, mixed random variable (that
has continuous and discrete distribution i.e., non piecewise constant CDF but with
discontinuity), random vector with discrete, continuous and mixed random variables
etc. We also suggest to explore the implementation of Decision Trees with soft Num-
bers into other Decision Trees algorithms, and also to consider each case whenever the
labels/features are either discrete variables or continuous variable given being within
intervals and single points.

We also suggest to explore the soft logic in general and soft probability in partic-
ular in additional topics in information theory, data mining, machine learning, com-
putability, meta-verse technology, cyber-physical system (CPS) etc. We also suggest
to involve the views of the theory of consciousness in the mentioned above scientific
and technological topics, with the concept of the zero axis presents the inner world or
virtual world, and the one axis the real world (see paragraph below Eq. (B.11) for more
details). We believe that with soft logic (and soft probability) we can incorporate the
spiritual concept of consciousness, that present inner/virtual world or the zero axis,
into the scientific and technological topics in the real world or the one axis.
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Appendix A Complement, Union, Intersection
and Conditional Soft Probabilities

A.1 Complement, Unions and Intersections

Recall that a probability of Ac, a complement of the event A, is given by

Pr(Ac) = 1− Pr(A). (A.1)

A Soft probability of a complement is defined similarly as follows

Ps(Ac) = 1− Ps(A). (A.2)

Therefore, we have the following probability complement for a continuous random
variable X:

Ps(X ̸= x) = 1− Ps(X = x)

= [−fX(x)]0̄+̇1.
(A.3)

This equation distinguishes among different values of x for the event X ̸= x to be with
almost surely with probability 1 due the the soft zero term [−fX(x)]0̄. This equation
is analogous to the event X ̸= x to have zero probability almost surely, correct by the
soft zero term [−fX(x)]0̄.

In order to analyse unions and intersections, we need to consider two cases: unions
and intersections among singletons events X = x,X = y etc; unions and intersections
between a singleton event X = x and a range event e.g. a ≤ X ≤ b.

For all x ̸= y we have that the events X = x and X = y are disjoint, and the for
a union we have

Ps(X = x ∪X = y) = Ps(X = x) + Ps(X = y)

= [fX(x) + fX(y)]0̄.
(A.4)

For an intersection we have

Ps(X = x ∩X = y) = 1x=yfX(x)0̄, (A.5)

where the indicator 1x=y is zero in the case that x ̸= y. More generally, we have the
following soft probabilities for the following set {xi}ni=1 with distinct values:

Ps

(
n⋃

i=1

X = xi

)
=

n∑
i=1

Ps(X = xi) =

[
n∑

i=1

fX(xi)

]
0̄, (A.6)

and

Ps

(
n⋂

i=1

X = xi

)
= 1

∀i,j∈{1,2,...,n}
xi=xj

fX(xi)0̄. (A.7)

In order to analyse unions and intersections, between a singleton event X = x and
a range event e.g. a ≤ X ≤ b, we need to distinguish among x’s values that are either
between a and b or not. Moreover we need to distinguish between the strict inequality
case a < X < b and the non-strict inequality a ≤ X ≤ b. For simplicity, assume a < b
and without loss of generality (WLOG) assume x ̸= a and x ̸= b.

13

https://doi.org/10.23919/ICIF.2018.8455485
https://doi.org/10.23919/ICIF.2018.8455485


For the strict inequality case a < X < b we have the union

Ps(X = x ∪ a < X < b) = 1x/∈(a,b)fX(x)0̄+̇[FX(b)− FX(a)], (A.8)

and for the intersection

Ps(X = x ∩ a < X < b) = 1x∈(a,b)fX(x)0̄. (A.9)

This union is a soft number when x is not in the interval (a, b) and a real number
when it does. This intersection is a soft zero when x is in (a, b) and an absolute zero
when it doesn’t.

For the non-strict inequality case a ≤ X ≤ b we have the union

Ps(X = x ∪ a ≤ X ≤ b) =

[1x/∈[a,b]fX(x) + fX(a) + fX(b)]0̄+̇[FX(b)− FX(a)],
(A.10)

and for the intersection

Ps(X = x ∩ a ≤ X ≤ b) = [1x∈[a,b]fX(x)]0̄. (A.11)

the two terms fX(a) + fX(b) in Eq. (A.10) are added to the soft zero part, due to
Eq. (A.6).

Recall the relation between a union and an intersection of two events A,B, accord-
ing to De Morgan’s Law, we have

Pr(A ∪B) = Pr(A) + Pr(B)− Pr(A ∩B). (A.12)

It can be shown that the soft probabilities in Eqs. (A.8)-(A.11) hold for De Morgan’s
Law Eq. (A.12). For example A = {X = x}, B = {a ≤ X ≤ b} and x /∈ [a, b], we have

Ps(X = x ∪ a ≤ X ≤ b) =

Ps(X = x) + Pr(a ≤ X ≤ b)− Pr(X = x ∩ a ≤ X ≤ b).
(A.13)

The LHS is
[fX(x) + fX(a) + fX(b)]0̄+̇[FX(b)− FX(a)]

and the RHS is

fX(x)0̄ +
[
{fX(a) + fX(b)} 0̄+̇{FX(b)− FX(a)}

]
− 0,

so that we obtain the LHS to be equal to the RHS, and thus we have a ”Soft De
Morgan’s Law”

Ps(A ∪B) = Ps(A) + Ps(B)− Ps(A ∩B). (A.14)

In the next subsection, we show the results for a conditional of soft probability,
referring to Kolmogorov definition and Bayes theorem.

A.2 Conditional Probability

Recall Kolmogorov definition for conditional probability

Pr(A|B) =
Pr(A ∩B)

Pr(B)
, (A.15)

and for Bayes theorem

Pr(A|B) =
Pr(B|A)Pr(A)

Pr(B)
, (A.16)
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We define a ”Soft Conditional Probability” similarly, e.g., for x, y ∈ SX , let A =
{X = x}, B = {X = y}, and at the LHS of Kolmogorov definition Eq. (A.15) we have

Ps(X = x ∩X = y)

Ps(X = y)
=
1x=yfX(x)0̄

fX(y)0̄
=
1x=y · 0̄
1 · 0̄ . (A.17)

With a definition of 1·0̄
1·0̄ = 1 and 0·0̄

1·0̄ = 0, the conditional soft probability is given
by

Ps(X = x|X = y) = 1x=y. (A.18)

In this case we have a trivial equality with optional real values 0 or 1. For comparison
with Bayes theorem Eq. (A.16)

Ps(X = y|X = x)Ps(X = x)

Ps(X = y)
=
1y=xfX(x)0̄

fX(y)0̄
= 1x=y. (A.19)

Now we consider x, y ∈ SX , let A = {X = x}, B = {a ≤ X ≤ b}, with x, a, b ∈ SX

such that a < b ,x ̸= a and x ̸= b. At the LHS of Kolmogorov definition Eq. (A.15)
we have

Ps(X = x ∩ a ≤ X ≤ b)

Ps(a ≤ X ≤ b)
=

1x∈[a,b]fX(x)0̄

[fX(a) + fX(b)]0̄+̇[FX(b)− FX(a)]
.

(A.20)

When applying Bayes theorem Eq. (A.16), we have

Ps(a ≤ X ≤ b|X = x)Ps(X = x)

Ps(a ≤ X ≤ b)
=

[Ps(a ≤ x ≤ b|X = x)]fX(x)0̄

[fX(a) + fX(b)]0̄+̇[FX(b)− FX(a)]
,

(A.21)

where Ps(a ≤ x ≤ b|X = x) = Ps(a ≤ x ≤ b) = 1x∈[a,b]. Both Kolmogorov theorem
form and Bayes theorem form are equal, and therefore

Ps(X = x|a ≤ X ≤ b) =
1x∈[a,b]fX(x)0̄

[fX(a) + fX(b)]0̄+̇[FX(b)− FX(a)]
. (A.22)

We can simplify the RHS by the property

A0̄

B+̇C0̄
=

A0̄

B+̇C0̄
· B+̇(−C)0̄

B+̇(−C)0̄
=

AB0̄

B2
=

A0̄

B
,

and we have the following conditional soft probability with a given non-strict inequality
condition:

Ps(X = x|a ≤ X ≤ b) =
1x∈[a,b]fX(x)0̄

FX(b)− FX(a)
, (A.23)

and for a given strict inequality condition, we have.

Ps(X = x|a < X < b) =
1x∈(a,b)fX(x)0̄

FX(b)− FX(a)
. (A.24)

The meaning of these last two equation is that we have a soft zero when the observation
x makes sense (i.e. between a and b), and it is an absolute zero if x makes no sense
(i.e. not between a and b), due to the indicator in the numerator. In addition,
division by the denominator FX(b)−FX(a) ∈ (0, 1) makes higher probability than the
unconditional probability, which make sense since we have an additional information
regarding to the random variable X to be between a and b. In the next subsection,
we extend the notion of soft probability for 2 continuous random variables, based on
a Soft De Morgan’s Law Eq. (A.14).
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A.3 Extension of Soft Probability for 2 Dimensions

Suppose that X and Y are two continuous random variables. By the regular De
Morgan’s Law Eq. (A.12), we can decompose the regular probability object Pr(X ≤
x, Y ≤ y) into a sum of the following probabilities

Pr(X ≤ x, Y ≤ y) =

0︷ ︸︸ ︷
[Pr(X < x, Y = y) + Pr(X = x, Y < y) + Pr(X = x, Y = y)]

+ Pr(X < x, Y < y),

(A.25)

such that each of the first three terms in the bracket collapses to zero in the classical
probability. We define the soft probability object Ps(X ≤ x, Y ≤ y) in 2 random
variables based on a Soft De Morgan’s Law Eq. (A.14) as follows

Ps(X ≤ x, Y ≤ y) =

[Ps(X < x, Y = y) + Ps(X = x, Y < y) + Ps(X = x, Y = y)]

+ Ps(X < x, Y < y).

(A.26)

In this case, we define the first three terms in the bracket as the following soft zero
objects in terms of the CDF FX,Y (x, y) and the PDF fX,Y (x, y):

Ps(X < x, Y = y) =
∂FX,Y (x, y)

∂y
· 0̄, (A.27)

Ps(X = x, Y < y) =
∂FX,Y (x, y)

∂x
· 0̄, (A.28)

Ps(X = x, Y = y) =
∂FX,Y (x, y)

∂x∂y
· 0̄ = fX,Y (x, y) · 0̄. (A.29)

the last term is a regular probability along the 1-axis i.e.,

Ps(X < x, Y < y) = Pr(X < x, Y < y) = FX,Y (x, y), (A.30)

so that Ps(X ≤ x, Y ≤ y) equals to the following soft number

Ps(X ≤ x, Y ≤ y) =[
∂FX,Y (x, y)

∂x
+

∂FX,Y (x, y)

∂y
+ fX,Y (x, y)

]
· 0̄

+̇FX,Y (x, y).

(A.31)

Now, we want to construct the soft probability objects Ps(X ≤ x, Y < y) and
Ps(X ≤ x, Y = y) [by symmetry, we can construct Ps(X < x, Y ≤ y) and Ps(X =
x, Y ≤ y) accordingly]. Based on a Soft De Morgan’s Law Eq. (A.14), we construct
the soft probability Ps(X ≤ x, Y < y) similarly as follows:

Ps(X ≤ x, Y < y) =
∂FX,Y (x, y)

∂x
· 0̄+̇FX,Y (x, y). (A.32)

Therefore, we can distinguish among the soft probabilities: Ps(X ≤ x, Y ≤ y), Ps(X <
x, Y < y), Ps(X ≤ x, Y < y) and Ps(X < x, Y ≤ y). Similarly, we have

Ps(X ≤ x, Y = y) =

[
∂FX,Y (x, y)

∂y
+ fX,Y (x, y)

]
· 0̄, (A.33)

that is a soft zero. In the next section, we define soft expectation, soft variance and
soft entropy.
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Appendix B Presentation of Soft Numbers

According to traditional mathematics, the expression 0/0 is undefined, although in
fact the whole set of real numbers could represent this expression, since a · 0 = 0 for
all real numbers a. This observation opens a new area for investigation, which is a
part of what it is called in [5] a “Soft Logic”, that refers to a new axis, ”a continuum
of multiples of zeros”, with distinction between a positive zero ”+0” and a negative
zero ”-0” (see also [6] and [7]).

B.1 Soft Number: Definitions and Axioms

A new object 0̄ is symbolized in order to generate of a continuum of multiples of zeros
a0̄ on a ”0̄” axis, where a is a real number. An object a0̄ denotes ”soft zero”, while
the object 0 = 0 · 0̄ denotes ”absolute zero”. The object 1̄ denotes the real axis (i.e.,
contains multuples of ”ones”, b1̄), and parallel to the ”0̄” axis. For simplicity, the
symbol 1̄ is omitted during computations.The following axioms and definitions are
developed for soft zeros for all real numbers a and b:

Axiom 1 (Distinction) a ̸= b ⇒ a0̄ ̸= b0̄.

Definition 1 (Order) a < b ⇒ a0̄ < b0̄.

Axiom 2 (Addition) a0̄ + b0̄ = (a+ b)0̄.

Axiom 3 (Nullity) a0̄ · b0̄ = 0, i.e., soft numbers ”collapse” to zero under multipli-
cations.

Axiom 4 (Bridging) There exists a bridge between a zero axis, and a real axis and
vice versa, denoted by a pair of a bridge number and its mirror image about the bridge
sign. Bridge numbers of a right type

b1̄ ⊥ a0̄

and bridge numbers of a left type
a0̄ ⊥ b1̄.

Axiom 5 (Non-commutativity) Bridging operator ⊥ does not commute [7] i.e.,

b1̄ ⊥ a0̄ ̸= a0̄ ⊥ b1̄.

Definition 2 (Soft Number) A soft number is defined as a set of the of bridge
numbers pair of opposite types but with the same components – the same zero axis
number a0̄ and the same real number b:

a0̄+̇b = {a0̄ ⊥ b; b ⊥ a0̄}

In the next subsection, we outline some properties of mathematical operations and
functions over the soft numbers.

B.2 Mathematical Operations and Functions on Soft Num-
bers

In this section we outline some mathematical operations over the soft numbers. Sup-
pose a0̄+̇b, c0̄+̇d ∈ SN are given soft numbers, then the following mathematical oper-
ations hold based on axioms 2 and 3:
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• Addition/subtraction:

(a0̄+̇b)± (c0̄+̇d) = (a± c)0̄+̇(b± d); (B.1)

• Multiplication:
(a0̄+̇b) · (c0̄+̇d) = (ad+ bc)0̄+̇bd; (B.2)

• Natural power:
(a0̄+̇b)n = nabn−10̄+̇bn. (B.3)

Based on the above equations, every polynomial PN (x) that operates on every soft
number α0̄+̇x is given by

PN (α0̄+̇x) = αP ′
N (x)0̄+̇PN (x). (B.4)

where P ′
N (x) denotes the derivative of PN (x). This notion is generalized for analytic

functions f(x) so that
f(α0̄+̇x) = αf ′(x)0̄+̇f(x). (B.5)

For a continuous random variable X with a CDF FX and a PDF fX = F ′
X , we have

the following soft number (cf. Eq. (6)).

FX(α0̄+̇x) = αfX(x)0̄+̇FX(x). (B.6)

In the next subsection, we discuss about the Soft Axis Coordinate System.

B.3 Soft Axis Coordinate System

We denote the set of all bridge numbers by BN and all soft numbers by SN. The
coordinate system of Soft Logic is constructed, as presented in Figure 4. It starts from
0 to 1 horizontally and then it turns 90◦ from 1 to infinity

Figure 4: The Soft coordinate axis

Remark 1 There exists a one-to-one correspondence between the segment (0, 1] and
the segment [1,∞).

Remark 2 All lines that connect x to 1/x (for all non-zero real x) intersect at a
single point.

The statements in Remarks 1 and 2 were demonstrated in [5]. This “single point”
denotes the beginning of the soft logic coordinate system. We call this point “the
absolute zero”. The distance from absolute zero to +0 is 1. An extension of this new
coordinate system to the negative numbers is implemented in Figure 5.
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Figure 5: Distinction between -0 and +0

In Figure 5 we have, in addition to the absolute zero 0, two additional zeros. One
zero is opposite the number −1, and is not identical with the zero opposite to the
number +1. Hence, we suggest denoting these two different ”zeros” as +0̄ and −0̄.

Figure 6 shows the extended coordinate system for positive and negative numbers
with an additional line presenting the multiples of zero. The added line is called a zero
line or a zero axis, and the multiples on it are called soft zeros or zero axis numbers.

Figure 6: The extended soft coordinate system

The coordinate system in Figure 6 allows us to present all the real numbers and
all the soft zeros. We now wish to construct a coordinate system for representing
various Soft Numbers, which may be described as an infinite strip as shown in Figure
4. Because of the Soft Number duality, we double the strip (Figure 7). This allows us
to represent both elements of a Soft Number:

c = x0̄ ⊥ y,

c′ = y ⊥ x0̄,
(B.7)

where x and y are real numbers. Each of the elements c and c′ is a mirror image of
the other about the bridge sign. Note that we have expanded the coordinate system
in Figure 6 to the one shown in Figure 7.
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Figure 7: The complete soft coordinate system

As the infinite strip, presented (partially) in Figure 7, is intended for the presen-
tation of Soft Numbers, we call it a ‘Soft Numbers Strip’ or briefly, SNS.

Definition 3 (height and width of a point on an SNS) let C be any point on
the SNS.

• The height of the point C is the vertical distance from C to the horizontal
segment with the absolute zero at its center. This distance is supplied with a
plus sign if C is above this segment and with a minus sign if C is below it. The
height with a sign is denoted by A.

• The width of the point C is the horizontal distance from C to the zero line
and is denoted by B.

The definitions above provide every point C on the SNS with two parameters,
A ∈ R and B ∈ [0, 1]. The condition A > 0 is satisfied in the positive part of the SNS,
and A < 0 - in its negative part, or correspondingly, above and below the horizontal
segment containing the absolute zero, while on this segment A = 0. For the second
parameter B there is: B = 0 on the zero axis, B = 1 on the lines bounding the SNS,
and otherwise 0 < B < 1.
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If two points c and c′ on the SNS are symmetric about the zero axis, they have
the same height A and the same width B, i.e., we can symmetrically represent them
by the following BNs:

c = (1−B)A0̄ ⊥ BA,

c′ = BA ⊥ (1−B)A0̄.
(B.8)

Therefore, to define a presentation of soft numbers x0̄+̇y by symmetric pairs (SPs)
of points on the SNS, we have to define a correspondence between these numbers and
the pairs of real numbers (A,B) ∈ R× [0, 1] (denoted as SP), so that

x0̄+̇y = {c, c′}
= (1−B)A0̄+̇BA.

(B.9)

Hence, by a coefficients comparison of the real part and the soft part:

x = (1−B)A

y = BA,
(B.10)

or equivalently, after solving for the SP, (A,B)

A = x+ y

B =
y

x+ y
.

(B.11)

It can be proven that there is an algebraic isomorphism between the bridge numbers
b0̄ ⊥ a and Dual numbers developed by Clifford [2] with the form a+ bε, where ε2 = 0
but ε ̸= 0. The main difference between ε in Dual numbers and 0̄ is the realisation
and geometrical interpretation of 0̄ as an extension of the number 0 on a continuous
line. This line can be a model of the inner world, while 1̄ is a model of the real
world. The bridge between them enables us to treat the concept of consciousness with
mathematical tools. Another difference is the possibility, in Soft logic, of developing
a Soft curve [7].

One of our major topics for investigation in further research is the connection
of soft numbers to Möbius strip. In order to describe the geometry of Möbius strip
with soft numbers,we suggest to modify the soft coordinate system in Figure 7 by
alternating the sign of left vertical line.
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Figure 8: The alternative soft coordinate system

The horizontal line I0 in Figure 8 can represent the connection line where the
edges of a straight strip is twisted and attached together to create a Möbius strip.
One of the suggestion to define a point on the Möbius strip with soft numbers is that
c = (1−B)A0̄ ⊥ BA is located in the front of this page, while c′ = BA ⊥ (1−B)A0̄
is located behind this page. This setup demonstrates locally existence of two side of
Möbius strip. However, it is known that Möbius strip has globally one side. Moreover,
if we start walking vertically from the point c (A units from I0 and B units from the
zero axis) on the front of this page, we will pass through the point behind this page
but across the point c′ and (−A units from I0 and B units from the zero axis). When
we keep walking on that point, we will go back to the starting point c′. Because of this
phenomenon, we are motivated to explore the possibility to represent a soft number
with more than two symbols.

During exploration, it is suggested to change Definition 3 width of the point in the
SNS will be between −1 and +1, i.e., B ∈ [−1, 1]. Given SNS height A ∈ R and SNS
width B ∈ [−1, 1], the SNS point c = c(A,B) is defined as follows:

For B ∈[0, 1],
c = (1−B)A0̄ ⊥ BA, located in front of page,

c′ = BA ⊥ (1−B)A0̄, located behind this page,

x0̄+̇y = {c, c′},

(B.12)
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and

For B ∈[−1, 0],

c = (1 +B)A0̄ ⊥ BA, located in front of page,

c′ = BA ⊥ (1 +B)A0̄, located behind this page,

x0̄+̇y = {c, c′},

(B.13)

or shortly in terms of absolute value of B:

c = (1− |B|)A0̄ ⊥ BA, located in front of page,

c′ = BA ⊥ (1− |B|)A0̄, located behind this page,

x0̄+̇y = {c, c′}.
(B.14)

Hence, by a coefficients comparison of the real part and the soft part in Eq. (B.14):

x = (1− |B|)A
y = BA,

(B.15)

or equivalently, after solving for the SP, (A,B), using some arithmetic of absolute
value and sign functions:

A = sign(x) · (|x|+ |y|)

B =
y

A
= sign(x) · y

|x|+ |y| .
(B.16)

The conjecture is with Eqs. (B.15)- (B.16) and Figure 8, the geometry of Möbius strip
with soft numbers can be defined more properly.
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