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In this paper, we develop a new theory termed Soft Logic. This theory addresses the need
to combine real processes and cognitive ones in the same framework. At the same time,
we develop a new concept of modeling and dealing with uncertainty: the uncertainty of
time and space. We develop a language that can talk in two reference frames, and also
suggest a way to combine them. This constitutes a fundamental new mathematics. In
this paper, we present the theory from its foundation.

In Soft Logic, we refer to situations of uncertainty occurring in the present. Ambi-
guity is created from the possible point of view of the observer of the phenomenon.
Sometimes reality contains contradictory or opposite situations at the same time, which
can be interpreted in different ways by the observer. Such is the case of the Necker cube or
the Fechner color effect, in which a texture of black and white colors moving in a certain
pattern creates a rainbow of colors. Another example is the Mobius strip, which from a
local point of view seems to have two sides, but from a global point of view has only one.

The mathematical solution for expressing uncertainty in Soft Logic is the blow-up
of the number zero by distinguishing between multiples of this number. In this manner,
we create a zero-axis and define a new type of number called Soft Numbers, which have
the following form:

a0+bT.
The zero-axis expresses the inner world of the observer and is the component of a sub-
jective interpretation and a certain type of uncertainty that occurs in the present.

Soft Numbers are similar to complex numbers, but the specific mathematical defini-
tions are different and therefore Soft Numbers are a different world. This paper presents
five axioms of Soft Logic, which form a new system of coordinates that differs from the
Cartesian system and Gauss’s complex plane. We define the algebra of Soft Numbers,
show the connection to differential and integral calculus, expand analytical functions to

soft functions, and describe continuous curves in the soft coordinate system. In conclu-
sion, we suggest several avenues for theoretical and practical research.

Keywords: Soft Logic; Soft Numbers; cognitive modeling; economic behavioral modeling.

1. Introduction

In this paper, we develop from its foundation a new theory termed Soft Logic. We
develop a new concept of modeling and dealing with uncertainty: the uncertainty of
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time and space. We develop two reference frames with different paradigms, and then
suggest a way to combine them. This constitutes a fundamental new mathematics,
with many potential applications. Applications of this theory are in the combination
of cognitive and physical worlds (the two axis) and in related theories (such as
Economics, where internal behavioral and external factors are combined in the
decision making process).

We live in a dynamic reality that is changing at an increasingly swift pace. One
of the manifestations of this reality is the integration of the real world and the digital
world, with each having its own rules. Children born into the world today actually
live in a dual, confusing reality. This requires the development of a mathematical
language that can bridge the two worlds, which ostensibly run parallel to each other,
but are in fact related and affect each other.

One geometric model (that result from our theory), which is suitable for describ-
ing the mutual influence of the two different worlds, is the Mobius strip. The
real world is on one side of the strip while the world of information is on the
other. Locally, the strip has two sides, but globally it has only one. The new
mathematical language must have a different logic that encompasses opposites and
paradoxes.

The mathematician Felix Klein developed a geometric-algebraic model called
“Blow-up” I By blowing up the point of origin of some coordinate system (Cartesian
and the one defined here), a Mdbius strip is formed. We add to the point of origin
all the possible revolutions around it, in 360 degrees. A circle is thus created around
the point of origin, which is connected by lines to each point on this circle. After
turning the circle by 180 degrees, it returns on itself but in the opposite direction.
When this procedure is conducted in three dimensions, reversing direction upon
itself by 180 degrees creates the Mobius strip twist.

In Soft Logic we blow up the zero point by distinguishing between the various
multiplications of zero and creating a zero-axis. Using five axioms, we define Soft
Numbers and their algebra, which almost creates a field (proof in the paper). In
this paper, we describe the soft coordinate system, the algebra of Soft Numbers, the
relationship with differential and integral calculus, the expansion of soft functions
and their presentation on Soft curves. To conclude we present several practical
avenues of future research for Soft Logic.

1.1. Research background

This research is inspired by Dascal 2 who wrote about Gottfried Wilhelm Leibniz. As
a young researcher, Leibniz aspired to discover and develop a mathematical language
that would demonstrate a softer logic, which would overcome the limitations of the
dichotomy of true and false. Soft Logic fulfils this vision by extending the number
0 from a singular point to a continuous line, which we term the zero line.

Another project of interest to Leibniz was to develop the world of infinitesimals.
He saw them as ideal numbers that might be infinitely small. Dual numbers (see
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Appendix), which were presented by Clifford 35 include some infinitesimals. These
numbers have the following form: a + be, where a, b are real numbers and €2 = 0.

In the Soft Logic research®1® we present a new kind of number, which we call
“Soft Numbers” that are of the following form:

a0-+bT.

The main difference between € and 0 is the geometrical interpretation of 0 as an
extension of the number 0 on a continuous line. This line can be a model of the inner
world, while 1 is a model of the real world. The bridge between them enables us to
treat the concept of consciousness with mathematical tools. Another difference is
the possibility, in Soft Logic, of developing a Soft curve, as described in Sec.

The work develops arithmetic and algebraic operations on Soft Numbers, and
describes the relationships of Soft Numbers to various topics, such as calculus, and
the properties and graphic presentation of soft functions. Soft Numbers can be a
model of a bridge between the internal world (pure information, unmeasurable but
influential) and the external world, where there is a meaning to the order of the
processes, and hence it is not commutative.

1.2. Paper organization

Section B presents the five axioms of Soft Logic. Based on our previous paper B we
added two more axioms: the bridge axiom and the axiom of non-commutativity.
Section [3 presents in brief form our new coordinate system of Soft Logic. Section [
deals with the algebra of Soft Numbers. Section [ states the connection between
Soft Numbers and calculus. Section [6] shows how to extend a real function to a
soft function and to present it graphically in the Soft Numbers coordinate system.
Section [] contains conclusions and perspectives.

2. Axioms and Definitions

According to traditional mathematics, the expression 0/0 is undefined, although in
fact any real number could represent this expression, since a * 0 = 0 for all real
numbers a. This observation opens a new scope and area for investigation.

We assume an existence of a continuum of distinct multiples a0, where a is any
real number and by 0 we symbolize some object that may be called a ‘soft zero’,
while its multiples are called soft zeros as well. We denote by 1 the real number 1
when all other real numbers are conceived as its multiples.

Also, we introduce the term absolute zero (bolded):

0 = 00.

Let a,b be any real numbers and a0, b0 two corresponding soft zeros as defined
above.

Axiom 1 (Distinction). If a # b then a0 # b0.
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In Soft Logic, we extend the zero from a point to a line. This creates a distinction
between different multiples of 0.

Definition 1 (Order). If a < b then a0 < 0.
Axiom 2 (Addition). a0 + b0 = (a + b)0.

Under the assumption that the multiples of 0 are located on a straight line, we
can define the addition of multiples of 0 as the addition of their corresponding real
factors. The 1 axis behaves regularly:

al + b1 = (a + b)1.
Axiom 3 (Nullity). a0 x* b0 = 0.

Numbers on the zero-axis “collapse” under multiplication. Addition has a signif-
icance and meaning, but multiplication does not make any distinction whatsoever.

On the other hand

al * bl = abl,
a0 * bl = ab0,
b1 * a0 = baD.

Let us define a value that combines a value from the zero line (0-axis) with a value
from the real line (1-axis) and denote it a01bl. Note that although the symbol
between the two values reminds one of perpendicularity, it nevertheless has quite
a different meaning of combining or ‘bridge making’, and is called by us ‘a bridge
sign’.

Axiom 4 (Bridging). There exists a bridge between a zero-axis, and a real axis
and vice versa, denoted by a pair of a bridge number and its mirror image about
the bridge sign:

(a0Lbl, bl La0).

This is an existence axiom, stating that there is some special connection between
two lines in the coordinate system.

Axiom 5 (Non-commutativity).
a01b1 # b1 La0.
Note that the multiplication of a zero-axis number with a regular real number, as

defined in Axiom 3, is commutative, but for the subsequent parts of the theory the
order of these numbers is important.

The two above combinations, of a soft zero and a real number with a bridge sign
between them, will be identified by us as bridge numbers of two different types:
a bridge number of a right type (where a real component is to the right of the
bridge sign), and a bridge number of a left type (a real component is to the left
of the bridge sign). By the Non-commutativity Axiom 5, bridge numbers with the
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same components but of different types have different values. When dealing with
two bridge numbers of the same type, the operations of addition and multiplication
can be defined in the way described in our previous paper® But to define such
operations with two bridge numbers of different types is a serious challenge. For
example, how to define the sum

(a0LbT) + (cI.LdD) =7

We cannot apply any operations to the right and left appearance of bridge numbers;
this is why we need to define the concept of Soft Numbers.

Definition 2 (Soft Number). A Soft Number is a construction of the following
form:

a0+b1 = {(a0) L(b1); (b1)L(al)},
where a, b are any real numbers.

Any Soft Number in its denomination a0-+b1 has a component from the real
line, or 1 line, and a component from the 0 line (later on, we will omit the line
above 1, or even 1 itself, but the line over 0 is essential). Note the new operation
+ that we define here. The dot above the sign ‘+’ implies that a Soft Number has
not one value, as a regular sum, but two distinct values, presented in its definition.

Every Soft Number has a right appearance a0-+b and a left appearance b+a0. Is
the content of a Soft Number influenced by the change of the order of the compo-
nents in its appearance? This matter is discussed in what follows.

We present a Soft Number in the following way:

a0+b = {c, '},
where
c=alLlb,
¢ =blal.

According to the non-commutativity axiom,
a0 1b # blaD,

ie. ¢ # ¢. But as any set is by definition unordered, the pair {c, ¢’} is unordered,
ie.

{c,d} ={d,c}.
Therefore,

a0+b = b+aD.
By this equation, a Soft Number in both its appearances, the right one and the left
one, has the same two values.
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Fig. 1. The soft coordinate axis.

In our theory, SN denotes the set of all Soft Numbers:
SN = {a0+b:a,beR}.

It is important to remember that any Soft Number in this set has two values, as each
number consists of a bridge number a0_Lb and its mirror image about the bridge
sign bl a0, which have different meanings by the non-commutativity axiom.

3. The Coordinate System of Soft Logic

We suggested in our previous papel®™ o new coordinate system, as presented in
Fig. [ It starts from 0 to 1 horizontally and then it turns 90° from 1 to infinity.

Remark 1. There exists a one-to-one correspondence between the segment (0, 1]
and the segment [1, 00).

Remark 2. All lines that connect 2 to 1/x (for all non-zero real x) intersect at a

single point. (The statements in Remarks[Iland 2lwere demonstrated in our previous
8

paper.®)

This “single point” denotes the beginning of the soft logic coordinate system.
We call this point “the absolute zero”. The distance from absolute zero to +0 is 1.
We suggest extending this new coordinate system to the negative numbers (Fig. [2]).

In Fig. 2 we have, in addition to the absolute zero 0, two additional zeroes. One
zero is opposite the number —1, and is not identical with the zero opposite to the
number +1. Hence, we suggest denoting these two different “zeroes” as —0 and +0.

The following drawing shows the extended coordinate system for positive and
negative numbers with an additional line presenting the multiples of 0 (Fig.[3). The
added line is called a zero line or a zero-axis, and the multiples on it are called soft
ZEeros or zero-axis numbers.

The coordinate system in Fig. [ allows us to present all the real numbers and
all the soft zeros. We now wish to construct a coordinate system for representing
various Soft Numbers, which may be described as an infinite strip as shown in Fig.[4l
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Fig. 3. The extended soft coordinate system.

Because of the Soft Number duality, we double the strip (Fig. d). This allows us to
represent both elements of a Soft Number:

where X,Y are any real numbers. Each of the elements ¢ and ¢’ is a mirror image
of the other about the bridge sign.

Note that we have expanded the coordinate system in Fig. [3lto the one shown
in Fig. @

As the infinite strip, presented (partially) in Fig. [ is intended for the presen-
tation of Soft Numbers, we call it a ‘Soft Numbers Strip’ or briefly, SNS.
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Fig. 4. The complete soft coordinate system.

Definitions. Let C' be any point on the SNS:

(1) The height of the point C is the vertical distance from C' to the horizontal
segment with the absolute zero at its center. This distance is supplied with a
plus sign if C' is above this segment and with a minus sign if C' is below it. The
height with a sign is denoted by A.

(2) The width of the point C is the horizontal distance from C' to the zero line
and is denoted by B.

The definitions above provide every point C' on the SNS with two parameters, A
and B (Fig. M), where

—0o<A<oo, 0<B<LI1.

The condition A > 0 is satisfied in the positive part of the SNS, and A < 0 —
in its negative part, or correspondingly, above and below the horizontal segment
containing the absolute zero, while on this segment A = 0.

For the second parameter B there is: B = 0 on the zero-axis, B = 1 on the lines
bounding the SNS, and otherwise 0 < B < 1.

It is clear that points that are symmetrical about the zero line have the same
values of A, B. Thus, a parameter pair (A, B) defines a pair of points on the SNS
that are symmetrical about the zero line. The only exception to this rule is the case
of B=0, in which two points coincide on the zero line.
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The zero line divides the SNS into two symmetric parts: a right one and a left one.
Now we want to bring any inner point on the right part of the SNS in correspondence
with some bridge number of right type. We exclude from consideration the points
on the zero line and on the real line, as they are already filled with numbers. Let
C be any point between the zero line and the right real line of the SNS. Then

—0o<A<oo, 0<B<I1.

A point C' with such parameters A, B, is located within a horizontal segment con-
necting a point A0 on the zero line with a point AT on the right real line, as shown
in Fig.[d Now let us imagine the following: let V' be a fixed point on the SNS, dif-
ferent from the three points mentioned above. We consider three vectors Te 70, T1
starting at the point V and ending at the points C, A0, AT, respectively. It can be
easily verified that vector 7, is a ‘convex combination’ of vectors 79,77, namely,

where B is the width of the point C'. On the basis of this identity, the following rule
is suggested.

If a point C'is on the right side of the zero line and has a height A and a width
B(0 < B < 1), it represents the bridge number

¢ = (1— B)ADLBAL,

and a point C’on the left side of the zero line, symmetrical to C' about this line,
represents the mirror image of ¢ about the bridge sign:

¢ = BATL(1 — B)AD.
The pair of points C, C’ represents a pair {c¢, ¢’} that is a Soft Number
(1 — B)A0+BAT.

To further clarify this, let us see the following example (Fig. []).
For each one of the points C,C’ in Fig. [l there is: A =3, B = 0.7.
Hence, the corresponding c, ¢’ are:

c=(0.3%3)0L(0.7%3)1T =0.90L2.1,
¢ =(0.7%3)1L(0.3 x3)0 = 2.1.10.90.
Consequently, the Soft Number represented by a given pair of points C, C’ is
0.90+2.1.

Thus, we have learned to find a Soft Number represented by a pair of points
within the SNS that are symmetrical about the zero line. Let us now review some
of the special properties of this number. The real factors of its left and right com-
ponents are correspondingly (1 — B)A and BA. As the numbers B and 1 — B are
positive, both real factors have the same sign as the parameter A, or they are both
0 if A = 0. These facts involve the following conclusion: Any pair of points on the
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Fig. 5. Presentation of a Soft Number in SNS.

SNS that are symmetrical about the zero line represent a Soft Number a0-+b in
which the real numbers a, b are of the same sign or are both 0. If a pair of points
is located in the positive part of the SNS, then a, b are both positive, and if it is
in the negative part, a, b are both negative. If a pair of points lies on a horizontal
segment with A = 0, then a = b = 0, and the Soft Number may be identified as the
absolute zero.

In the deliberations above we went from the points to the numbers. Now we will
develop an opposite direction.

Given a bridge number ¢, how can we find the point representing it on the SNS?
In other words, given the information regarding the element ¢ of a Soft Number,
we wish to calculate A, B. We have

¢=(1— B)ADLBAT = X0LYT.

Hence
AB =Y,
(1-B)A=X.
This gives
A=X+Y,
Y
P=x7v
The calculation for the mirror element
d=Y1LX0

leads to the same equations and therefore to the same results for A, B.
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Note that the condition 0 < B < 1 is satisfied if XY > 0, i.e. if the real factors
on both sides of a Soft Number have the same sign.

From our considerations above we conclude the following: There is a one-to-one
correspondence between the set of pairs of points located inside the positive and
the negative parts of the SNS that are symmetrical about the zero line, and the
set of all Soft Numbers a0-+b with ab > 0. Thus, the presentation of Soft Numbers
by points on the SNS is found not for the entire set SN, but for the subset of all
Soft Numbers that have on both sides real factors of the same sign. Soft Numbers
without such a property, e.g. 20+(—3), cannot be represented on the SNS with the
method suggested in this paper. The problem of representing all Soft Numbers on
the SNS is still open and may be a theme for further investigation. Here it is to be
noted that the method developed in this section (and used below) for assigning Soft
Numbers to points on the SNS has a number of advantages, despite its limitations.
One of them is the possibility of an immediate and clear visualization, as described
in the following remark.

Remark 3. A Soft Number a0+b1 = A(1 — B)0+ABT corresponding to a pair of
points {C, C'} with a height A and a width B on the SNS, may be seen as S;0+So1,
where Sy, S are the areas of some rectangles originating at point C', as shown in
Fig.

Subsequently, we often shorten the term ‘representation’ to ‘presentation’ and
call the creation of the visual images of Soft Numbers/soft functions on the SNS
‘the presentation of Soft Numbers/soft functions on the SNS’.

4. Algebra of Soft Logic

In this section, we develop the algebra of Soft Logic. We will show that it is possible
to define a group SN(+) and a ring SN(+, x) with a set of Soft Numbers, and that
this ring is almost a field. Furthermore, the set of elements of SN(+, x) that are
invertible under multiplication is a group that we will denote by SNx*(—0).

4.1. The operations of addition and multiplication
in the set of Soft Numbers

We define the addition of two Soft Numbers with the following rule:
(a0+b) + (c0+d) = (a + ¢)0+(b + d).
With this definition, the set SN(4) is a group under addition, because

(1) SN is closed under addition.

(2) SN has an identity (a neutral) element under addition which is 0 x 0+0 (note
that this number presents a segment on the SINS that is orthogonal to the
zero-axis with the absolute zero at its center, if points turn into numbers by
the method suggested in the previous section).
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(3) Every element in SN has an inverse (an opposite) element under addition:
(a0+b) + (—a0+(—b))= 00+0.
(4) The associativity law is satisfied:
((a0+b) + (c0+d)) + (e04f) = (a0+b) + ((c0+d) + (e0Ff)).

Proof of this statement is based on the addition definition and can be easily
reproduced by the reader, so we do not display it here.

By the exposition above, SN(+) is a group. Moreover, it is an Abelian, i.e. a
commutative group as the addition definition involves:

(a0+b) + (c0+d) = (c0+d) + (a0+b).
Now we define multiplication of Soft Numbers by the following rule:

(a0+b)x (c0+d) = (ad + be)0+(bd).
This operation is commutative and satisfies the laws of associativity and distribu-
tion. The formulation and checking of the first law is quite clear, and the second law
is formulated and checked below. The law of distribution of multiplication relative
addition for Soft Numbers:

(a04b) x ((c0+d)+(e0+f)) = (a0+b) x (c0+d) + (al+b) x (e0+f).

The proof of this statement is based on the definitions of addition and multiplication
of Soft Numbers as follows:

(a0+b)x ((c0+d) + (e0+f))
= (a0+b)x((c + €)0+(d + f))
= (ad + af 4 bc+ be)0+(bd + bf)
= (a0+b) x (0+d) + (a0+b)x (e0+f).

With these two operations + and x, Soft Numbers create the Ring SN(+, x).
The Soft Number 0041 is a neutral element under multiplication in this set
because for any of its elements a0 + b, by the multiplication rule there is:

(a0+b) x (00+1) = al + b.
Lemma 1. If b # 0, then a Soft Number a0 + b has an inverse (71%64}%).

To prove this statement, we have to ascertain that the product of both Soft
Numbers equals the neutral element of multiplication. By the rule of multiplication,
we have

. a—.1 a a\-.b _
040) x (—35047 ) = (5 - 7) 03 = 00+1.
(a+)><(b2 +b) y )0 +
The product is really the neutral element of multiplication, and Lemma [Tl statement

is proved.
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When a common notation for an inverse element is used, it may be written in
the following form:

N 72_.1
(a0+b) ( b20+b>.

Let us observe the set of all Soft Numbers a0-+b where b # 0.

The above development demonstrates that this set forms a group under the
operation of multiplication, that we denote SN*(—0).

Therefore, SN(+, x) is almost a field (‘almost’ — because the inverse is unde-
fined only when b = 0).

4.1.1. Two interesting examples of subgroups of SN* (—0)

(1) The set S{N}*(1) = {a0+(%£1) : a is any real number}.
The set is closed under multiplication because

(a0+(£1))x (c0+(£1)) = (£a £ ¢)0+(£1).

(Note that the number 1 in the two factors may have opposite signs)
Every element in this set has an inverse:

(a04-(£1)) ! = —al-(+1),

where the sign of 1 (+ or —) on both sides of ‘=’ is meant to be the same.
(2) The set SQ*(=0 ) = {q0+r : q,r are rational numbers,r # 0}.

Since the multiplication and division of rational numbers (with a non-zero denom-
inator) gives a rational number, this set is a subgroup of SN* (=0).

4.2. The powers and roots of Soft Numbers

Lemma 2. The nth power of a Soft Number is
(a04-b)" = nab™ 104",

where n is any natural number (n =1,2,3,...).

We can prove that by induction.

Case n = 1 is obvious.

If we assume that the equation in the lemma’s formulation is correct for a given
natural n, then we can calculate for n + 1:

(a0+b)" 1 = (a0+b) x (nab™ 104b")
= (nab”™ + ab™)0+b""! = (n + 1)ab™0+0""1.
b+ ab™) 0" 1)ab™ 0"+t

We obtain that the equation is valid for n + 1, and by the induction principle it is
valid for any natural n.
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Now we wish to calculate the square root of a Soft Number in the following
form:

Va0+b = 20+y.
Lemma 3. For b > 0 there is

Vabtb = 12—\/56+(i)\/5,

where Vb denotes an arithmetic (positive) square root of b, and the signs in both
components of the soft root above are simultaneously + or simultaneously —.

Proof. By using the equation for the nth power above in the case n = 2, as a start,
and identifying its right part as a0-b, we have

(20+y)* = 22y0+y?,

2xy = a,
y* =",
y = £Vb,
a
r=+——
2vb
and this leads to the square root formula stated in Lemma O

Obviously, for a Soft Number a0+b with b < 0, a square root does not exist.

For b = 0, a # 0 there is no square root as well (it could only be a zero-axis
number, and it is impossible to multiply a zero-axis number by itself and to receive
a zero-axis number a0 with a # 0).

If a =0=0, i.e. a Soft Number is an absolute zero, then its square root is also
an absolute zero.

Therefore, there are at most two square roots for every Soft Number.

Lemma 4. The nth root of a Soft Number satisfies the following statements:

1

(1) 3/ a0+b = —4—0+ b, for b # 0 and an odd n,
nb n

(2) Va0+b = +—270+(£ /D) for b> 0 and an even n.

(3)

(4)

nb
3) Y a0+b does not exist for b < 0 and an even n, and for b=0 and a # 0,
4

If a = b =0, the root exists and equals the absolute zero.

Proof. If /a0+b = 20+y then

a0+b = (20+y)" = nxy"10+y",
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which involves

From the system of these two equations all the statements of Lemmald are obtained.
O

5. Soft Logic and Calculus

In this section, we show how Soft Numbers can be used for describing and inves-
tigating the tools of calculus, and first of all the most important of them: the
derivative.

In the previous section, we received the following result:

(a0+b)™ = nab™ 104",
where n is any natural number. With the use of the formula for a derivative of the
power function of a real variable

(xn)l — nwn—l’

the power function of a soft variable 10+z with a real component x can be written
as

(10+2)™ = na" 10+a2™ = (") 042",
Generally, the power function of any soft variable is:
(a0+2)" = naz" 042" = (az™)' 042",

Let us observe a polynomial function of a real variable:

P(z) = Z apz®.
k=0

A polynomial function of a soft variable 104z is
P(10+x) = Z ap(104-z)* = Z kapz* 10 + Z apz®.
k=0 k=0 k=0

By comparing the two polynomial functions above, we come to the fundamental
formula connecting Soft Numbers with calculus, as presented in what follows.

Lemma 5. If P(x) is a real polynomial function, then
P(10+z) = P'(z)0+P(x)

and, generally, for any Soft Number a0+x, there is
P(a0+z) = aP'(2)0+P(x).

If f(z) is an analytic function, it can be approzimated by its Taylor polynomials
P, (z) so that we have

limy, oo P () = f(2), hmnﬁoopflz(x) = f’(x)
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On the ground of these limit conditions and the statements of Lemma B we arrive
at the following definition of a function of a soft variable that is arising from the
real differentiable function f(z) and that we denote f:

f(10+a) := f'(2)0+f(2)
or, generally, for any Soft Number a0-+2:
fa0+z) = af'(2)0+f ().

This formula may be seen as an analog of Lagrange’s formula in the world of Soft
Numbers. It extends a real differentiable function f to a soft function f.

We can use Soft Numbers to develop the product rule and the chain rule of
derivatives:

(f xg9)(10+ ) = f(10 + 2)xg(10 + =)
= (f'(@)0+ f(z)) x (¢'(2)0 + g(2))
= (f'(2) x g(x) + f(2) x ¢'(2))0 + f(x) x g(x).
Hence we obtain the product derivative rule:
(fxg)=f xg+fxdg.
The chain rule for the derivative of a composed function is received as follows:
(f o 9)(10+2) = f(g(10+2))
= f(g'(@)0 + g(x)) = f'(9(x))g"(2)0 + f(g(z)).
Hence

(fog) =g xf'(g).

6. Soft Functions

In this section, we use two different ways of extending a real function f : R—R to
a soft function. The first way of extension provides the function f : SN—SN of a
soft variable with soft values. In the second way, we obtain the extended function
f : R—SN of a real variable with soft values.

The first way of extension can be applied only to such functions f(x) that are
differentiable. Given a real differentiable function f, we will define its soft extension
f with the following formula (7, y are any real numbers in the domain of f):

F(@0+y) :=zf'(y) 0+ (y).

6.1. Fundamental properties of soft functions

In this subsection, we consider the functions f : SN—SN.
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Lemma 6. For any two differentiable real functions f,g there is

f+9=T+79
(b)

feg=7Fe7,
()

fog=7[og,

E—%,wo»

Remark. A quotient with the number 1 as a nominator and a Soft Number as a
denominator denotes the inverse of this Soft Number.

Proof of Lemma 6.

(a)
[+ 9(=0+y) = 2(f + 9) WO+(f + 9)(v) = ([ (y) + 24" (¥)0+(f(y) + 9(y))
= (zf' (W)0+f(y)) + (xg'()0+g(y)) = f(20+y) + g(a0ty).
Therefore, f+g=f+7.
(b)
f9(x0+y) = 2(f9) (¥)0+(f9)(y) = (@f ()g(y) + = f(y)g' ())0+f(y)g(y)
= (zf"(y)0+f(y)) - (xg'(y)0+g(y)) = f(a0ty) - g(20+y).
Therefore, f-g=f-7.

()
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Thus, it is proved that

{1} 1
fF
where f # 0, and this completes Lemma [6] proof. O

Before formulating the next statement, we wish to remind the concept of an
inverse function. Let f, g be real functions, mapping, each one, R on R. Let e be
the identity function in R, mapping every real number into itself, i.e. e(z) = = for
every real x. The function ¢ is said to be an inverse function for f and denoted
g=f"1,if and only if fog=ce.

Let F,G be soft functions, mapping, each one, SN on SN. Let I denote the
identity function in SN which maps every Soft Number into itself, i.e. I(20 + y) =
20 + y for any real x,y. It is easy to verify that I =e.

The soft function G is said to be an inverse function for the soft function F' and
denoted: G = F~!, if and only if

Fo

Q

=1

Lemma 7. Ifg= f~! in R theng= (f )~! in SN.

Proof. If g = f~! then f o g =e and consequently

fog=e=1

By LemmafBlc), fog= foq:
Combining this equation with a previous one, we obtain

fog=1,
which means that g = (f )~ 0

Lemma 8. For any two Soft Numbers o = a0-+b, 3 = c0+d there is

eotB = edeh,

Proof. According to the rule of an extension of a real function to a soft one, we
have on one side:

e B = e(al0tb)+(c0Fd) = e(ate)0t(b+d) = (g + c)et T+l
and on the other side:
eFeB = (a0 Tb) c(c0fd) — (ae0+e®)(ce®D4-e?)
= (a + c)e?T0tet e,

By comparing the two results above, we conclude e+8 = eveh. O
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6.2. Soft curve

In this subsection, we use the second way of extension of a real function f to a soft
function of a real variable
[+ R—SN, performed by the formula:

f(@) = 20+f(2),
which does not require a differentiability of f. Following this way, we construct a
graphic presentation of f in the Soft Numbers coordinate system, defined in the
SNS — the strip shown in Fig. @l
By the method developed in Sec. 3, any Soft Number 20ty with zy > 0 is
represented on the SNS as a pair of points that are symmetrical about the zero-
axis and having the same values of a height A and a width B:

A=z+y,

__Y
Tty

~

Applying this assertion to a soft function f(z), we come to the following conclusion:

~

any soft function f(x) = 20 + f(z) of a real variable z, satisfying the condition
xf(z) >0

can be visually presented on the SNS as two curves that are symmetrical about
the zero-axis and are described, each one, by the following equations:

A=z+y=uz+ f(z),

y  flo)

b= T i@

(Note that y=f(z) is the equation of an original real function f(x) generating a soft
function f(x)).

As f(x) is a soft extension of f(z), the presentation of a soft function f(z) on the
SNS will be called by us a presentation of a real function y = f(x) on the SNS or
briefly, a soft presentation of y = f(x). For the construction of such a presentation
we define an orthogonal (A, B) coordinate system on the SNS, where A is a height,
B is a width of a point on the SNS, the A-axis coincides with the zero line and the
B-axis is a horizontal segment starting at the absolute zero and continuing to the
right real line.

Let us expose two examples of constructing a sift graphic presentation of real
functions in the (A, B) coordinate system on the SNS.

Example 1. f(z) = kx, where k>0 and z satisfies the condition:

rf(r) >0 ka® >0 x #£0.
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B=k/(k+1)

2:0e L

I-O—t—+1

00

Fig. 6. The soft curve y = f(z) = kz.

For any = # 0 we have
A=x+ke=(k+ 1)z,

B kx B k
o+ kx k417

Because B is constant, we obtain two straight lines on the SNS that are parallel

to the zero-axis at the distance B = % from it.

In Fig. [ we can see the right part of the presentation of f(z) = kx, k > 0, in
the soft coordinate system.

Example 2. f(x) = kx + d, where k >0, d > 0,

>0 < d
T or r<——.
k

Under these conditions, we have
A=(k+1z+d,
kx+d
(k+1x+d
From these two equations, A can be expressed in the terms of B by the following
calculation:

A-d KA —d) - d
e TS R e i

The final equation leads to the conclusion that the right part of the graphic pre-

sentation of the function f(z) = kz + d on the SN'S under the given restrictions is

a hyperbolic curve with two branches and a vertical asymptote B = kL_H
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il t 1
0.5

Fig. 7. The soft curve y = kx + d.

In the case k = d = 1 the result looks like this (Fig. [1]).

Examples[Iland Rlshow that the development of the equation of the soft graphic
presentation of f(x) takes time and effort, even in the case of simple functions f(x).
This problem is reduced by the following Lemma

Lemma 9. Let f(x) be any real function satisfying the condition xf(x) > 0 in
some real domain D. Then in this domain, the function f(x) can be presented on
the SNS with two curves that are symmetric about the zero-axis and that have in
the coordinates A, B, the following equation:

AB = f(A— AB).

If the function f has an inverse function f=1, then the equation above is equivalent
to the equation:

A—AB = f~Y(AB).

Proof. By definition,

A=+ f(o),
AB = f(x).
These equations involve:
r=A—AB,

f(x) = f(A— AB).
Substituting this expression for f(z) into the equation AB = f(x), we receive
AB = f(A— AB).

Thus, we obtain the first equation of the lemma. If the function f has an inverse
function, then by applying it to both sides of the above equation we receive the
second equation of the lemma, which is equivalent to the first one. O
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As the first equation in Lemma [ is valid for any real function f, we will call
it ‘a general (A, B)-equation of f(z)’, while the second equation will be called ‘an
inverse (A, B)-equation of f(z)’.

Let us demonstrate the use of Lemma [J] for the functions in Examples [I] and
above.

The general (A, B)-equation of f(z) = kz (k> 0) is

K
AB = k(A—AB) = B— "
( )= B=1

The general (A, B)-equation of f(z) = kx+ d(k> 0, d > 0) is

d
AB=k(A—AB)+d= A= m
We see that with the help of Lemma [0 the final equations in Examples 1 and 2 are
obtained faster and easier than before, without it. Therefore, in the next examples
we will use Lemma [0 as a permanent tool for obtaining (A, B)-equations of given
real functions. But before this, we wish to note several important properties of the
equations stated in Lemma

Remark 1. The equations in Lemma 9 are implicit. If A can be expressed in
terms of B, then equivalent explicit equations are obtained. Either an implicit or
an explicit form of an equation with two variables A, B, allows to construct corre-
sponding curves on the SNS.

Remark 2. The general (A, B)-equation of f(z) can be received from the original
equation y=f(x) by the substitutions z = A — AB,y = AB. These are the formulas
suggested in Sec. 3, by which a Soft Number 204y is assigned to any pair of points
C,C" with a height A and a width B on the SNS outside the axis.

Remark 3. A general (4, B)-equation of a real function f on the SNS can be seen
as a very simple equation between some areas in the SNS. Let C' (A, B) be any fixed
point in the (A, B) coordinate system on the right part of the SNS, with A > 0
or A <0and 0 < B < 1. Two segments containing the point C' can be drawn: a
horizontal segment going through the point C' and connecting the zero line with
the right real line, and a vertical segment going from the point C' to the segment
A=0.

With this drawing, two rectangles are created. The left rectangle has a vertical
side with a length A on the zero line, and the length of its horizontal side is B. The
right rectangle has a vertical side with a length A on the right real line, and the
length of its horizontal side is 1-B. Let Sy, S1 denote the areas of these rectangles,
as shown in Fig. 8l
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B (1-B)

So-AB S1.A(1-B)

Fig. 8. Rectangles of the soft coordinate system.

The above construction enables visualizing the general (A, B)-equation of a real
function f, as stated in the following Lemma.

Lemma 10. A general (A, B)-equation on the SNS of any real function f can be
written in the form:

So = f(S1),

where Sy, S1 are the areas shown in Fig. [§ (if A < 0, the areas are denoted with a
minus sign).

Proof. The definition of Sy, S7 involves that
So=AB,S; = A(1 — B)

and therefore the equation Sy = f(S1) is just another (visual) form of the gen-
eral (A, B)-equation of f, stated in Lemma [ and thus justifies the statement of
Lemma [I0l is proved.

It is worth noting here that the areas indicated in Fig. [§ also visualize the real
factors of the Soft Number 0+, which is represented by the pair of points on the
SNS with a height A and a width B. Namely, © = Sy, y = Sy (see Remark B in
Sec. [3)).

Now we can expose and discuss examples of constructing soft presentations of
real functions by exploring Lemma [@ At this stage, two prevenient remarks are
needed:

(1) Any function f(z) in the examples below is considered under the condition
zf(x) > 0 that guarantees the existence of the parameters A, B. Under this
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condition, the graphic presentation of f(z) on the SNS is located in the inner
space between the lines B = 0, B = 1, A = 0. Nevertheless, some curves in
the following examples contain points on these lines. Such points can be seen
in quite a regular way as limit positions of the inner presentation, when one of
the variables x,y = f(x) or both of them are tending to 0.

(2) Any soft graphic presentation of a real function on the SNS contains two curves,
one to the right of the zero-axis, and one to the left of it, symmetrical about
it. In each one of the figures below only the right part of the presentation is
shown. |

Example 3. y = 2%, where i = 2,3,4,....
In this case, f(z) = 2% and the admissible values of = are

zf(z) >0& 2™ >0=12+#0 foran odd i,
xz > 0 for an even 1.
By Lemma[d] the general (AB)-equation for the given function is
AB = (A - AB)".
From this equation we can, by obvious algebraic transformations, obtain the
explicit expression:

v B
A= " ——m——.
(1-B)
In Fig.[ we see soft graphs created by this equation on the SNS for ¢ = 2,3, ..., 10.
For i=3,5,7,9, the degree i—1 of the root in the formula for A is even, and therefore
every one of the four graphs corresponding to these i has two branches: a positive

one and a negative one, symmetric about the segment A = 0.

Example 4. y =log, z, 1 =2,3,4,....

In this case, f(x) = log;x, and the condition z f(z) > 0 < zlog,x > 0 is satisfied
if and only if z > 1.

For such values of x, by Lemma 9, the general (A, B)-equation of f(x) is

AB=log;(A — AB).
This implicit equation, for i = 2,3, ..., 10, defines nine curves on the SNS, as shown
in Fig.
Example 5. y = tanz.

In this case, the admissible values of x are

xf(x)>O:>xtan:17>0<:>k7r<:17<k7r+g,

fm7g<x<—m (k=0,1,2,3,...).
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Soft graphs of the function f{z) = '
Jor w3 Q0

0@

Fig. 9. The soft curve y = x*.

For any such x the values of a height A and a width B do exist and are defined
by the following formulas:

A =z + tanz,

tanx

r + tanz

Conceiving = as a parameter and the two equations above as a parametric descrip-
tion of the graphic presentation of y = tanz in the (A, B) coordinate system on the
SNS, we can investigate the behavior of this presentation in any of the intervals
indicated above. The investigation results are as follows:

1) In the interval 0 < z < Z the graph ascends from the point A =0, B=1/2 to
2
the line B =1 as an asymptote.
2) In every interval kw < x < kw + Z(k = 1,2,3,...) the graph ascends from the
2
point A = kmw, B =0 to the line B = 1 as an asymptote.

(3) In every interval —km — § < 2 < —kn the graph is symmetric, about the
segment A = 0, to the graph in the interval k7 <x < k7 + 5

(k=0,1,2,3,...).
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Soft graphs of f{z) = log;x
All-B)="8
li=04..10)

«|B=0 B=9

i=10 =2

—-4—“-—-.—-4—“.—5'&”—.4—"—-—

Fig. 10. The soft curve y = log;x.

(The interested reader is invited to check these assertions.) As the number of inter-
vals of admissible values of = for tanz is infinite, there are infinitely many curves in
the soft graphic presentation of y = tanx on the SNS. In Fig. [[I], only a finite part
of the whole picture on the SNS, to the right of the zero-axis, is shown.

The separate branches of the soft graph y = tanx are created with the help of
the inverse (A, B)-equations:

A — AB = arctan(AB) +mm  (m =0,£1,42,...).

Example 6. f(x)=e".
The general (A4, B)-equation of this function in the domain = > 0 is

AB = eA=4B,

The soft graph of this function on the SNS (to the right of the zero-axis) is presented
in Fig.

Example 7. f(x) = /x.
The general (A, B)-equation of this function in the domain z > 0 is

AB =+A—-AB
and its inverse (A, B)-equation is

A— AB = (AB)~.
The soft graph of f(z) = \/x is exposed in Fig.
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A1~ Bj=ancian i
Do =0 @l . 3

i o3 a4 Ak =T

=i m=-1
mEag
-E
=E&
Fig. 11. The soft curve y = tanx.
Example 8. f(z) = 1.

The general (A, B

~—

-equation of this function in the domain R\{0} is

AB= ———
A— AB’
which is equivalent to
A’B - A’B* =1.

The right part of the corresponding soft graphic presentation on the SNS is shown
in Fig.
Example 9. f(r) = 755

It is an odd continuous function on R, satisfying the condition zf(z) >0 for
all real non-zero . In this domain, it has no inverse function and consequently no
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Fom beaph of Bon grach of
—
g(z) = v =) =3
Al 4 By = AB)Y Al = (A= A8

Fig. 12. The soft curve f(z) = /.

&in B=05 B=

A-axis A negative branch

e Ll e,

Fig. 13. The soft curve f(z) = +.

x
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, Saft graph of
'l fiz) = s

/

Fig. 14. The soft curve f(z) = H%
inverse (A, B)-equation. The general (A, B)-equation of this function is
B A— AB
1+ (A-AB)?
The corresponding soft presentation on the SNS, to the right of the zero-axis, is
shown in Fig. T4l

AB

6.3. The symmetry in a soft graphic presentation of two mutually
inverse functions

In this subsection, we will discuss the graphic presentation on the SNS of two real
functions that are inverse to each other, e.g. f(z) = e, g(x) = Inz. In the Cartesian
coordinate system (z,y) their graphs are symmetric about the line y = x (Fig. [5).

Figure [Tl shows the graphic images of the same two functions in the Soft Num-
bers coordinate system.

We can see that there is a mirror symmetry about the vertical line B =1/2 in
the soft graphic presentations of these two functions. It may be verified that this
situation is valid for any two mutually inverse real functions.
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| A-axis
'l
L}
ALl-B=c1 Al Al Byt ARy
-
B=0 B=0.5 B=
3
a
Soft graph of Soft graph of
o glx) = In{x) flz)=c'
an (=¥ [+ ] ol o o8 ar aa o

Fig. 15. f(z) = Inz, g(z) = €”.

Fig. 16. Inz, g(z) = €®, in soft coordination.
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Lemma 11. If f, g are two real functions, inverse to each other, then the right/left
parts of their soft presentations in the same SNS are symmetric about the vertical
line B=1/2.

Proof. By Lemmal[d two equivalent (A, B)-equations of the soft graph of f(z) on
the SNS are

AB = f(A(1 - B)),
A(l—B) = g(AB)
and two equivalent (A, B)-equations of the soft graph of g(z) are
AB = g(A(1 - B)),
A(L - B) = f(AB).

It can be easily seen that the mapping (A4, B) — (A, 1 — B) transforms one pair of
the above equations into the other pair. As such a mapping transfers any point in
the (A, B)-coordinate system into a point symmetric to it about the line B = 1/2,
the conclusion is that the curves representing two mutually inverse functions f,g
in the right/left part of the SNS are symmetric about the vertical line B = 1/2, as
stated in Lemma [T11 |

To resume and exemplify this statement, let us return to the functions f(z) = e”,
g(x) = Inx that are inverse to each other. The curves representing them on the SNS
are symmetric about the line B = 1/2 (Fig. [I0]).

The same situation exists for the functions

fx) =2 g(z) =z

In the domain z > 0 (Fig. I2]).
The case of the function

1
fla) =~
is special, because this function and its inverse function are identical:
_ 1
fHz) = fla) =~
x
Therefore, the soft graphic presentation of
1
flz) = -

in the right/left part of the SNS is itself symmetric about the line B = 1/2 (Fig.[I3).

7. Conclusions and Further Research Topics

In this paper, we complete the Soft Logic system by creating a double-sided bridge
between the zero line and the real line, with the help of special tools named ‘Soft
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Numbers’. This model is relevant to constructing a bridge between the real world
and the world of information, which is relevant to our world today. We present the
algebra of Soft Numbers and their applications to calculus and to the extension of
real functions.

There are some similarities and analogies between Soft Numbers and complex
numbers. Imaginary numbers were invented to resolve an unsolved exercise, i =
v/—1, and Soft Numbers were developed to resolve the unsolved problem of 0/0.
In the beginning, when complex numbers were first introduced, there was great
resistance to this new concept, as mathematicians could not accept the concept
of a new number that is not real. The praxis of algebra with complex numbers
certainly helped to make a place for them in the research of mathematics. A very
important step in their acceptance was the discovery of a link to the practical field
of electricity, when it was shown that one can measure the phase of an electric
current with complex numbers. At that point the importance of complex numbers
became obvious. There is another analogy between the geometry of Soft Logic and
non-Euclidian geometry. In his book The Elements, Euclid established the geometry
of the plane by declaring the five axioms. He himself was not satisfied with the 5th
axiom, which is called the parallels axiom: “In a plane, given a line and a point not on
it, at most one line parallel to the given line can be drawn through the point.” During
the 19th century, several mathematicians developed a non-Euclidian geometry that
satisfied the first 4 axioms of geometry of Euclid and does not satisfy the 5th axiom.
One of them was Riemann, who developed a non-Euclidian geometry in which there
are no parallel lines at all. In 1915, Albert Einstein applied Riemanns new geometry
in the theory of general relativity. The development of quantum theory and relativity
theory during the 20th century raised the need to develop a more complex or strange
geometry. David Bohm developed the concept of non-locality. The question is how
to develop a geometry of the universe that enables embedding non-locality so that
transmission can be faster than the speed of light? The Lorenz transformation
is another analog to the Soft Logic new coordinate system. Lorenz developed his
famous transformation in an effort to explain the Michelson Morley experiment to
measure the speed of the planet earth relative to the ether. The negative result
of the experiment brought Lorenz to develop a family of linear transformations
from a coordinate frame in space-time to another frame that moves at a constant
velocity relative to the former. Einstein used the Lorenz transformation to develop
the theory of special relativity, with the axiom that the speed of light is the fastest
velocity in nature. Note that the distance between two different points on the zero
line is 0 which enables immediate transportation (non-locality).

We believe that the new Soft Logic coordinate system may be relevant for the
description of a non-locality in nature, in which there is a dimension for trans-
portation which is faster than light. Some evidence and support may be obtained
from the modern theories of black holes, which use Einsteins equations for general
relativity with the expression R/R, where R = 0.
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Finally, we would like to mention the similarity between Soft Logic and frac-

tal theory which was developed by Mandelbrot and other. This theory break the
concept of linearity in nature.

Here is a short list of some of our major topics for investigation in further

research:

(1)

The connection between Soft Numbers and linear algebra, in particular in
matrix theory.

We can define a matrix A and a vector V' over the set of Soft Numbers. The
question here is: How to solve equations of the type Az = V in Soft Numbers?

Is the fact that SN is almost a field relevant to our definitions of “Soft
Matrices” and “Soft Vectors”?

The geometry of a Soft Number and its connection to the Mobius strip, Klein
bottle ™12 and Necker cube.

The dynamical system of a soft function when we apply this function to a given
Soft Number repeatedly, performing an iterative process. We wish to investigate
the tendencies of this process.

The processes within the zero-axis are not measured but affect the real values
axis. We will study this phenomenon from the point of views of information
theory and modern evolving view of the theory of consciousness.

Developing the concept of highly coupled Cyber-Physical Systems (CPSs).
These are complex systems that have two intertwined components: a phys-
ical part and a computer part that drives the system. They receive input
from the environment (usually sensory saturated) and perform a time-driven
task. Examples are: automated vehicles (which we will focus on), fighter planes
(autonomous robots), IoT (Internet of Things), etc.

The first building block is to define the state of the system, which comprises

the computer state and the physical state (for example the program and the
Newtonian physics of the car). From the states, we will mathematically describe
the system’s evolution, then the control and decision\optimization, followed by
networking, reliability (risk), security, and scalability considerations. We are
interested in the emerging properties of such systems, for example avoiding
congestions by optimal planning, and phase transitions.
Every Soft Number a0 +b has two appearances, a right one and a left one.
When we look from the other side of the strip of Soft Numbers (the SNS),
we can extend the number of appearances of a very Soft Number from 2 to 4,
relatively to the four different types of its bridge elements: right-up, left-up,
right-down, left-down, as follows:

al_Lb,
b_La0,
al 7,
b T al.
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Recursive Distinctioning (RD) is an invention of Isaacson™ in which he
describes how fundamental patterns arise from the operation of distinction by
recursion, with the use of four SA letters {=, [, ], O}. We wish to investigate
the connection between Soft Numbers and RD in the context of developing a
new model of computation.
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Appendix A. Dual Numbers

The theory of dual numbers was developed by Clifford. A dual number is a number
of the following form: a + be, where a and b are real numbers and €2 = 0.
Addition of dual numbers is defined as

(a+0be)+ (c+de)=(a+c)+ (b+ d)e.
Multiplication of dual numbers is defined as

(a+be) x (c+ de) = (ac) + (ad + bc)e.
It can be proven that

(a+be)* = a"™ + nba™ 'e.
As well, it can be proven that there is an algebraic isomorphism between dual
numbers and Bridge numbers: a + be <= b0_La.
The difference in our theory, which expands the Blow-up process so that the

zero point is extended by distinguishing between the various multiplications of zero
and creating a zero-axis. We also describe a completely new soft coordinate system

with a twist, that includes the expansion of soft functions and their presentation
on Soft curves.

References
1. P. Griffiths and J. Harris, Principles of Algebraic Geometry (John Wiley & Sons,
1978).

2. M. Dascal (ed.), Leibniz: What Kind of Rationalist? Logic, Epistemology, and the

Unity of Science, Vol. 13 (Springer, Netherlands, 2008).

J. A. Bell's, A Primer of Infinitesimal Analysis (Cambridge University Press, 2008).

4. 'W. Clifford, Preliminary sketch of bi-quaternions, Proc. Lond. Math. Soc. 4 (1873)
381-95.

5. P. Ehrlich, Contemporary infinitesimals theories of continua and their late 19th- and
early 20th-century forerunners, preprint (2018), arXiv:1808.03345.

®



10.

11.

12.

13.

Fundamentals of Soft Logic 737

. M. Klein and O. Maimon, The mathematics of soft logic, in IOP Second Int. Conf.

Mechanical Engineering and Automation Science, 2016, Japan.

M. Klein and O. Maimon, Soft Logic and Soft Numbers, in Pragmatics & Cognition
(John Benjamins Publishing Company, 2016).

M. Klein and O. Maimon, Axioms of Soft Logic, p-Adic Numbers Ultrametric Anal.
Appl. 11(3) (2019) 205-215.

M. Klein and O. Maimon, The dynamics in the Soft Number coordinate system, J.
Adv. Math. 18 (2020) 1-17.

Y. Landsberg, A Course in Mind-Bending And/Vs. Mind-Binding, Personal notes
(2018).

D. Rapaport, Klein bottle logophysics: A unified principle for non-linear systems,
cosmology, geophysics, biology, biomechanics and perception, J. Phys. Conf. Ser. 437
(2013) 012024.

D. Rapoport, Surmounting the Cartesian Cut further: Torsion Fields, the FExtended
Photon, Quantum Jumps, the Klein-Bottle, Multivalued Logic, the Time Operator
Chronomes, Perception, Semiosis, Neurology and Cognition Quantum Mechanics, eds.
D. Hathaway and E. Randolph (Nova Science, NY, 2011).

J. Isaacson and L. H. Kauffman, Recursive Distinctioning, J. Space Philos. 5(1) (2016)
9-64.



	Introduction
	Research background
	Paper organization

	Axioms and Definitions
	The Coordinate System of Soft Logic
	Algebra of Soft Logic
	The operations of addition and multiplication in the set of Soft Numbers
	Two interesting examples of subgroups of SN* (0)

	The powers and roots of Soft Numbers

	Soft Logic and Calculus
	Soft Functions
	Fundamental properties of soft functions
	Soft curve
	The symmetry in a soft graphic presentation of two mutually inverse functions

	Conclusions and Further Research Topics
	Dual Numbers


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 900
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


