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Abstract—In this paper, we develop the foundation of a new mathematical language, which we term
“Soft Logic”. This language enables us to present an extension of the number O from a singular point
to a continuous line. We create a distinction between -0 and +0 and generate a new type of numbers,
which we call 'Bridge Numbers’ (BN):

a0_1bl,
where a, b are real numbers, “a” is the value on the 0 axis, and “b” is the value on the T axis.
We proceed by defining arithmetic and algebraic operations on the Bridge Numbers, investigate
their properties, and conclude by defining goals for further research. In the Attachment, we continue

comparing our results with existing mathematical work on Infinitesimals, Dual numbers, and Non-
standard analysis. The research is a part of "Digital living 2030" project with Stanford University.
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1. INTRODUCTION
1.1. Research Motivation and Direction

One of our motivations for this research is inspired by Marcelo Dascal [2], who wrote about the great
mathematician and philosopher Gottfried Wilhelm Leibniz. As a young researcher, Leibniz aspired to
discover and develop a mathematical language, which will demonstrate a softer logic that will overcome
the limitations of the dichotomy of truth and false.

According to Dascal, language is a tool for thinking, but it also influences thinking. On many
occasions Leibniz wrote that the logic containing only two states (1 and 0) is insufficient to grasp the
full meaning of human reasoning. He did not develop this idea any further.

Another project of interest to Leibniz was to develop the world of the Infinitesimals. He saw them as
ideal numbers, which might be infinitely small. The standard way to deal with infinitesimals in calculus
is by using epsilon-delta procedures rather than the infinitesimals themselves. We come near the notion
of infinitesimals in this paper by the invention of the zero axis.

In that context we can mention infinitesimals in other non-Archimedean fields, such as p-adic
numbers. This interpretation was used in particular in p-adic probability theory by Andrei Khrennikov
(3, 4].

Abraham Robinson [9] developed the theory of Nonstandard Analysis in 1960, which extended
the real line R to the hyperreal R* so that it includes infinitesimal numbers. In this theory, a positive
infinitesimal is a number ¢ that satisfies % > § > 0 for every natural number n. Robinson uses the
compactness theorem of logic to prove the existence of a universe with infinitesimals. This universe
presentation is not constructive, and uses a weak form of the Zorn lemma (maximal ideal theorem). In
this work, we present a constructive model for a continuum set of some special entities, which are close
to infinitesimals and are called by us ’soft zeros’, without using the Zorn lemma [5—8].

*The text was submitted by the authors in English.
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206 KLEIN, MAIMON

Dual numbers were published in 1873 by William Clifford [1]. These numbers have the following
form: a + be, where a, b are real numbers and €2 = 0. Dual numbers were used at the beginning of the
twentieth century by Eduard Study [10] to represent dual angles. The set of dual numbers is isomorphic
to the quotient of the polynomial ring R[X] with the ideal generated by the polynomial X?:

R[X]
<X2> -

In this work we define a mathematical language that allows the creation of a geometrical bridge
between internal and external knowledge (each inherently follows a different logic), and we call it Soft
Logic. This language uses a set of some special tools, which we define and call 'Bridge Numbers’ (BN).

1.2. Organization of the Paper

Section 2 presents three axioms of Soft Logic: Distinction, Addition, and Nullity.

Section 3 develops the positive soft number coordinate system, which represents a new system of
numbers. This system makes a distinction between -0 and +0. It leads to the zero-line extension.

Section 4 presents the definition of Bridge Numbers, which connect the zero line and the real line of
the coordinate system. Then, it presents the algebra of Bridge Numbers.

Section 5 ends the paper by suggesting further research and concluding remarks.

2. AXIOMS OF SOFT LOGIC

According to traditional mathematics, the expression 0/0 is undefined, although in fact any real
number could represent this expression, since a * 0 = 0 for all real numbers a. This observation opens a
new scope and area for investigation, which is a part of what we call “Soft Logic”. Namely, we assume
an existence of a continuum of multiples a0 where a is any real number and by 0 we symbolize some
special object that may be called, as well as any of his multiples, soft zero.

We denote by 1 the real number 1 when all other real numbers are conceived as its multiples.
As well, we introduce the term of the absolute zero (bolded):

0 = 00.
Let a, b be any real numbers and a0, b0 two corresponding zeros defined above.
Axiom 1 (Distinction): Ifa # b then a0 # b0.

In Soft Logic, we extend the zero from a point to a line. This creates a distinction between different
multiples of 0.

Definition (Order):Ifa < b then a0 < 0.
Axiom 2 (Addition): a0 + b0 = (a + b)0.
Under the assumption that the multiples of 0 are located on a straight line, we can define addition of
multiples of 0 as the addition of their corresponding real multipliers. The 1 axis behaves regularly:
al + bl = (a +b)1.

Axiom 3 (Nullity): a0 * b0 = 0.
Numbers on the zero axis “collapse” under multiplication. Addition has a significance and meaning,
but multiplication does not make any distinction whatsoever.

On the other hand:
al x bl = abl,
a0 * bl = ab0,
b1 * a0 = baO.
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AXIOMS 207
3. THE POSITIVE SOFT NUMBER SYSTEM

We suggest a new coordinate axis, as presented in the following figure (Figure 1): It starts from 0 to

1 horizontally and then it turns 90° from 1 to infinity.
Lemma 1: There exists a one to one correspondence between the segment (0, 1] and the

segment [ 1,00).
Proof: Consider the function f (z) = % This function creates a one to one correspondence between
(0, 1]and[1, co). B

The Figure 1 contains example of a line between z = 1/2 and = = 2.

A
T4
13
-2 1/x
S 12 !
X
Fig.1

Also, one can draw such a line from any nonzero real z to 1/x (Figure 2).
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3
2
1
0 Y
1
%
Vi
Fig.2

Lemma 2: All lines that connect x to 1/x (for all non-zero real x), intersect at a single point.
Proof: Let us observe the following drawing with a line, which connects = with 1/x (Figure 3).
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AABC ~ ACDFE as triangles with equal angles. Consequently,

Ac_cp
AB  ED’
Therefore,
T _ 11—z
h 1
Hence
h=1

This means that all lines that connect x to 1/x intersect at the same point, which is located one unit
below the 0. H

The intersection point denotes the beginning of the soft logic coordinate system. We call this point
"the absolute zero”. The distance from the absolute zero to +0 is 1. We suggest extending this new
coordinate axis symmetrically, to the negative numbers (Figure 4).

3
2
+0 1
0
-1 -0
-2
-3
Fig.4
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AXIOMS 209

We now have instead of one zero 0 three zeroes. One zero is opposite to the number -1, and is not
identical to the zero opposite to the number +1. Hence, we suggest denoting the two different "zeroes"
as -0 and +0. Furthermore, the discovery of the zero line enables us to find locations of the multiples
of the soft zero (Figure 5).
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Fig.5

The zero line is developed according to the three axioms presented above. The following drawing
presents the extended new coordinate system for positive and negative numbers with the multiplication
of the soit zero (Figure 6).
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4. BRIDGE NUMBERS
Following the concept of the zero line, we define a new type of numbers, the Bridge numbers. They

have two components: multiples of 0 and multiples of 1.
A Bridge number is a number of the following form, where a and b are real numbers:

a0_Lbl.
Note the new symbol L , which represents the bridging operation (it is not the same as a regular plus,
and the whole expression has to be read as 'a0 bridge b1).
The set of all Bridge numbers is BN = {a0L1b1 : a,b € R}.
For the sake of brevity, we remove the presence of 1 and from here on present the Bridge numbers in
the form:
a0_Lb.

We do not yet place these numbers in the soft coordinate systems.
4.1. BN is a Group
We define addition of Bridge numbers according to Axiom 2 (Addition) of Soft Logic:
(a0Lb) + (c0Ld) = (a0 + 0) L(b+d) = (a+c) 0L (b+d).
The neutral element of addition in BN is (00_L0) because
(aDLb) + (00_L0) = a0Lb.
The inverse element of (a0_Lb) in BN is (—aDL( — b)) because
(a0Lb) + (—alL( — b)) = 00_LO.
The associative law is satisfied in BN:
(aDLb) + ((c0Ld) + (e0Lf))
= (a0Lb) + ((c+€e)0L(d+ f)) = (a+c+e)0L(b+d+ f)

= ((a0Lb) + (c0Ld)) + (e0Lf).
The addition is also commutative:
(a0Lb) + (c0Ld) = (c0+d) L (a0Lb) = (a+c) 0L (b+d).

Thus, BN is a commutative group under the operation of addition.

4.2. BN is a Ring
We define multiplication according to Axioms 2 and 3 of Soft Logic:

(aﬁJ_b) * (cﬁJ_d) = (adﬁ+bcﬁ) 1bd

= (ad + bc) 0L bd.
Under this definition, the multiplication in BN satisfies the distributive law:
(a0Lb) * ((c0Ld) + (eDLf))

= (a0Lb) * ((c+e)0L (d+ f)) = (ad + af + bc + be) 0L(bd + bf)

= (a0Lb) * (c0Ld) + (a0Lb) * (e0Lf).

Additionally, the multiplication in BN satisfies the associativity law and has a neutral element 0- 011

(clearly).
Therefore, BN is a ring under addition and multiplication.
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AXIOMS 211
4.3. BN is Almost a Field
Lemma 3: If b # 0, then
1 a—~ 1
— = ——01-.
a0Lb b2 b

Proof: The equality

=20Lly

a0.Llb
means that
(aDLb)  (20Ly) = (ay + bz) 0Lby =1,

by =1,
ay + bx = 0,

1

y_ b,

a

Therefore, BN is almost a field, since all elements (excluding those on the zero line) have an inverse. B

Corollary: Numbers on the 0 axis have no inverse.

4.4. Power of Bridge Numbers

We can calculate the square of a Bridge number:

(CLGJ_b)2 = (a0 * a0 + 2ab0) Lb* = 2ab0_Lb>

(a0 Lb)? = 2ab0 1 b2,
Calculation of powers (a - 0Lb)" where n is a positive integer is as given by the following preposition:
Lemma 4: (a0Lb)" = nab™ 10.Lb".
Proof:
(aﬁJ_b)n = (aﬁJ_b) * ...k (aGJ_b) .

In these multiplications, there are n terms of (aﬁJ_b). When we calculate the product, each time, we
need to choose between one of the terms, (a0) or (b). Any multiplication of two (a0) gives 0 and
thus vanishes. Therefore (aﬁ) has to be multiplied only with (n-1) numbers 6. There are n possibilities

to choose an element (a0) that we multiply by (b"~1). Thus, the component nab™ 10 before the bridge
sign is received. To get the one after this sign, all n real numbers b are to be multiplied which gives ™.

Therefore,
(am_b) " = nab" " t0Lb".

As well, the statement can be proved by induction forn > 2.
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4.5. Root of Bridge Numbers

We can calculate the square root of a Bridge number:

Va0lb=z0L1y.

Lemma 5: If b > 0, then Va0 Lb = iQL\/BGJ_ + v/b.
Proof:

(mm_y)z = 2240 1y?,

2xy = a,

For b =0, a # 0 there is no solution (one cannot multiply a zero-axis number by itsell and receive a
zero-axis number, except when a = 0).

Therefore, there are at most two square roots for every Bridge number.

We check that by the following calculation:

<2L\/56J_\/5>2 - NE%EM (\/5>2 — a0Lb,

<%m . \/5>2 - 2(—\/17)2_—;56L<—\/5)2 — a0Lb.
n

Lemma 6: The general n*” root of a Bridge number is: For b > 0 or odd n and non-zero b, Va0Lb =

b; 0L /b, and for even n, also: Va0 lb = — 4 0L — {/b. Forb = 0 and a # 0, there is no solution.

Proof:

nb
(20Ly)" = nay" '0Ly",

a0 + b = naxy™ 10 Ly",

For odd n, (assuming b nonzero)

For b = 0 and a # 0, there is no solution.
We can verify this by the following calculation:

(S20095) =n(¥8)"—s0u (46)" = as,

n ’I’Lb'n
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For even n and b>0, the calculation similar to one above gives:
y =+,
a +a

1 o n-1-
nyn 1 nbnn

We can verify the additional minus-formula by the following calculation:

() ) ()

n—1
nbn nbn

xr =

We showed the richness of the algebra of BN: It is a commutative group, a ring, and almost a field,
and the powers and the roots have a particular nature.

5. CONCLUSIONS AND FURTHER RESEARCH

In this paper, we present how to extend the number zero from a point to a continuous line of the
multiples of the soft-zero. We developed a new coordinate system with the 0-axis and the 1-axis. We
defined Bridge numbers that create an algebraic structure, which is almost a field.

By this, we opened a new area for investigation, and we plan to research and develop it further. For
example, the logic of the zero line (Soit Logic) can be a mathematical model to describe the human inner
experience.

In further research, we plan to investigate and add a non-commutative axiom of the Bridge numbers,
and thus to create soft numbers. We plan to define the continuous representation of soft numbers in the
band between the 0-axis and the 1-axis. We want to extend real function to function over the set of soft
numbers.

To conclude with the future vision, we mention that there is a discussion among scientists that behind
the space-time dimension there is another world, which is the world of information. In further research,
we want to investigate the zero-axis as a possible origin of this world.

6. APPENDICES

Related work

We present three topics, and explain their connections, similarities and dissimilarities, to Soit Logic:
Nonstandard analysis, Dual numbers and the Ring of polynomials.

6.1. Nonstandard Analysis

Nonstandard analysis was developed by Abraham Robinson, in 1960. Shortly, this work extends the
set of real numbers R to the set of hyperreals R*, which includes infinitesimal numbers. While Robinson
relied on the compactness theorem of logic, others (like Luxemburg, Keislar) preferred a more direct
construction of "Ultrapowers”. By them R* = %, where M is an ideal of all infinite sequences that are
equivalent to 0, under a chosen Ultrafilter F. A number deR*is called infinitesimal if —e < § < e, for
every real positive number .

In the ultrapower R¥, infinite sequences describe the elements of R*. The standard real number c is
identified with the sequence (¢, ¢, c,...) =c.

Two infinite sequences, a = (a1, az,a3...),b = (b1,be, b3 ...) are equal iff the set of indices that have
equal elements, i.e. a; = b;, is a big set.

A big set is a member of an Ultrafilter F, which in turn is a non-empty set of subsets of the natural
numbers set N that satisfies the following conditions:

1. Forall A,B, if A€ Fand A C B, then B € F.

Q.FOT(IllAl,AQ €eF=— AiNAycF.
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214 KLEIN, MAIMON
3. Forall A€ P(N), either A € For A° € F.

In Robinson’s model of R* the sequence
o= (1 .%, %, %, %, ) is an infinitesimal number because for any natural m thereis 0 < § < %
The disadvantage of Robinson’s construction of R* is that it uses non-constructive tools. In soft
logic, we built a model for the soit zeros that are in some way close to infinitesimals using the zero line,
without the Zorn Lemma or compactness theorem. In the following, we show how to represent Bridge
numbers by Nonstandard analysis.

How to represent Bridge numbers by using a model from Nonstandard analysis.

In R*, there exists an infinitesimal y > 0 but there is a difference between y and 0 since (6)2 =0 but
y? # 0. Itis possible to treat y? as very small and to neglect it, and by that to connect it more strongly
to 0. In order to do this, we define when a number § is "very small" in relation to y.

Definition: An infinitesimal d is neglected in relation to infinitesimal y iff g is infinitesimal.

We denote by I, the set of all infinitesimals, which are neglected in relation to infinitesimal y.
Lemma: If y is an infinitesimal, then y? € I.
Proof: Since % = y and y is an infinitesimal,the statement is true.

For a given infinitesimal y we define the following set:

K={ay+b+d:a,beRo €I}

This set is a subset of R* closed under addition and multiplication.

We can define mapping D of K on BN: K->BN, where

D (ay+b+96) =a0Ld foranyd € I,.

It can be shown that for all =,z in K we get D(z + z) = D(x) + D(z) and D(z*z) = D(z)*D(z).
Therefore the mapping D is homomorphism. As well, it has following properties:

(i) D(y) =0.
(¢4) Forall zin K, we have: D(x) = 0iff z is in I,,. This proves that D(y)*D(y) = 0.
(797) Forallreal z, D(x) = =.

The analogy of K to BN is as follows:
Using D, numbers of the form ay+b+4§ are mapped into a0_Lb (numbers in I, are mapped to 0, and y
is mapped to 0). As we have that y? € I,,, it means that y? becomes 0, after the mapping. B

6.2. Dual Numbers

The theory of Dual numbers was developed by Clifford. A dual number is a number of the following
form: a + be, where a and b are real numbers and €2 = 0.
Addition of dual numbers is defined as

(a+be)+ (c+de) = (a+c)+ (b+d)e.
Multiplication of dual numbers is defined as
(a+ be) x (¢ + de) = (ac) + (ad + be)e.
[t can be proven that
(a4 be)" = a"™ + nba"e.

As well, it can be proven that there is an algebraic isomorphism between dual numbers and Bridge
numbers:

a + be <= b0_La.
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AXIOMS 215
6.3. The Ring of Polynomials

The ring of polynomials R[X] is the set of all finite polynomials over the real numbers under addition
and multiplication:

R[X]={ap + a1 X +axX*+...a,X" : X, a; €R}.
The algebra of dual numbers is equivalent to the algebra of quotient ring:
R[X]
< X?2>
The isomorphism between Bridge numbers and the quotient ring of polynomials is given by
a+bX <= b0Lla.

The main difference between the sets of Bridge and dual numbers and the quotient ring of polynomials
is in their geometric interpretation, which will be presented in the next paper. Here we would like to note
the following:

Soft logic creates a new coordinate system that makes a bridge between objectivity and subjectivity.

={a+bX :a,b, X € R}.
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